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Skyrmions have garnered significant attention in condensed matter systems in recent
years. In principle, they are topologically protected, so there is a large energy barrier
preventing their annihilation. Furthermore, they can exist at the nanoscale, be manipulated
with very small currents, and be created by a number of different methods. This makes
them attractive for use in potential computing applications. This work studies ferromagnetic
skyrmions. In particular, it highlights our small contributions to the field of skyrmions in
condensed matter systems, specifically in thin-film ferromagnets.
The study of skyrmions began with Tony Skyrme, who was examining solutions of
non-linear field theories in high-energy physics. An excitation of the nature he studied
is broadly referred to as a topological soliton. Topological solitons were theoretically studied
in magnetic systems, specifically ferromagnets, not long after. Belavin and Polyakov were the
first to consider skyrmions in a ferromagnet for the two-dimensional, three-component spin
field in the pure exchange nearest-neighbor model. The minimum energy spin configurations
are scale-invariant. Each class of spin configurations has an associated topological charge
which specifies how many times the spin profile can be mapped to the two-sphere. The
spin profile of these configurations is typically referred to as the Belavin-Polyakov (BP)
skyrmion profile. At the time, these works by Belavin and Polyakov, and others, were largely
theoretical. This began to change when Bogdanov and Yablonskii showed that magnetic
vortices could be stable in a ferromagnetic system if the anisotropic exchange is present,
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superseding work done in the previous few decades on magnetic bubbles, microscale objects
also possessing a topological character that can be manipulated by a magnetic gradient.
The anisotropic (also called Dzyaloshinskii-Moriya) exchange is the primary mechanism
for skyrmion stabilization in chiral magnets, as shown first by Rößler et al. in 2006. Not
long after, skyrmion lattices were observed in a number of materials, first in bulk cubic
helimagnets. Such systems have unusual resistivity properties due to the skyrmion topology,
which is called the topological Hall effect. It was also seen experimentally and theoretically
that skyrmions would move at an angle in response to an applied current, also due to their
topology, which is a phenomenon called the skyrmion Hall effect. Shortly after the discovery
of the skyrmion lattice state, it was shown that isolated skyrmions could exist in thin films
where they could be created and manipulated by small currents. This paved the way for the
proposal of the skyrmion for use in a number of different computing applications.
Motivated by this, we wished to study skyrmions in more detail. In particular, we were
inspired by the experimental observations of what were referred to as ”biskyrmion” lattices
in two different centrosymmetric films. This began with a more in-depth analysis of the BP
formalism for the ferromagnetic nearest-neighbor exchange in the two-dimensional, threecomponent spin field model. In addition to skyrmions of topological charge Q = 1, one can
use the BP formalism to analytically obtain the spin components of the Q = 2 solution,
called a biskyrmion. This solution can be obtained by defining a complex function ω in
terms of the spin components. The ω-function is simpler than the non-linear differential
equation the equilibrium spin profile must satisfy. This is because the ω-function is defined
so that any ω that satisfies the Cauchy-Riemann equations corresponds to a spin profile
that satisfies the extremal differential equation for the spins. The biskyrmion solution
consists of what visually appears as a pair of Q = 1 skyrmions with the rotations of
the in-plane magnetizations, also referred to as the chirality, in opposite directions. As
the Dzyaloshinskii-Moriya interaction (DMI) in chiral magnets favors only one rotation,
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we determined analytically and numerically that the biskyrmion could exist in non-chiral
magnets where it is stabilized by the competition between the perpendicular magnetic
anisotropy and the dipole-dipole interaction in a sufficiently thick film.
Still motivated by the experimental observations of biskyrmion lattices, we applied the
findings from the biskyrmion research to the analytical study of the biskyrmion lattice state,
including its stability in zero magnetic field. One can also use the BP formalism to begin
this analysis. The biskyrmion lattice spin configuration can be obtained from an ω-function
that is doubly periodic. This is true for the Weierstrass ℘-function or an appropriate sum
of Weierstrass ζ-functions, both of which satisfy the Cauchy-Riemann equations. One can
then use these functions as the ω-function to obtain the spin components of the biskyrmion
lattice, as we did, and study the stability of the biskyrmion lattice numerically for a lattice
model. We found that the biskyrmion lattice energy is lower than the uniform state and
is probably composed of biskyrmion bubbles in the absence of an external magnetic field,
which seems to align with experimental observations of biskyrmion lattices.
From a practical perspective, motivated by the experimental finding that skyrmions could
be created from the domain state by a magnetic force microscope (MFM) tip, we analytically
and numerically studied the nucleation of a skyrmion from the ferromagnetic state using an
MFM tip. We showed that a sufficiently strong magnetic tip can indeed create skyrmions
starting from the uniform ferromagnetic state. The nucleation process involves the instability
in the spins due to the competition between the magnetic tip and an applied magnetic field
in the opposite direction perpendicular to the film. Initial deviations from the uniform
state conserve the Q = 0 topological charge by forming a skyrmion-antiskyrmion pair. In
the lattice model, the antiskyrmion collapses at a critical tip field strength, leading to a
topological transition to the Q = 1 state. Additionally, the DMI, which is usually crucial in
stabilizing skyrmions, only enters the nucleation process as a higher-order effect.
We also studied the interaction between skyrmions, which is important to understand
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if isolated skyrmions are to be used in applications. This was done largely numerically
in a non-centrosymmetric magnetic material. The spin components of the same chirality
skyrmion pair can be found from the BP formalism and used in the numerics as the initial
state. We determined that the skyrmions repel each other with an exponential behavior that
depends on the magnetic length when they are far away from each other, with a prefactor
that depends on the magnetic field and DMI strength. This repulsion is driven by the DMI.
Dynamically, the two skyrmions will spiral away from each other. This can be studied using
the Landau-Lifshitz equation or the Thiele formalism which treats them as rigid particles.
For the latter, the skyrmion repulsion can be treated as a radial force that causes them to
rotate counterclockwise around each other.
For applications involving skyrmions, it is also important to understand the skyrmion
mass. Most literature involving the skyrmion mass extracts this quantity from the skyrmion
oscillation frequency or attributes the effective mass of the skyrmion to its confinement in
the film. We wished to determine the skyrmion mass from a more fundamental perspective
by computing it using a toy model that takes into account the magnetoelastic coupling. If
the skyrmion is moving with a velocity that is small compared to the speed of sound, its
mass will only be linear in its size and go as the square of the magnetoelastic coupling. The
computation we performed assumed the BP shape, which is valid for small skyrmions and
when the exchange energy is much larger than all interactions. In principle, one can carry
out the calculation for a more complicated spin profile with all relevant interactions using a
numerical package.
Also important for potential applications involving skyrmions, we found from a numerical
study that the energy landscape of a skyrmion in a confined geometry is modified when the
stabilizing field is tilted away from the axis perpendicular to the film surface. For the
sufficiently strong oblique field, two or four global energy minima will occur at a finite
distance from the edges of the film when there are one or two in-plane field components,
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respectively. The energy minima emerge due to the competition between the repulsion of
the skyrmion from the boundary due to the DMI, which twists the boundary spins, and the
in-plane component of the field. The skyrmion can be manipulated between these minima by
applying a magnetic gradient, though other methods seem possible. From this, we propose
that a small film of finite thickness that hosts a skyrmion in an oblique field can be used in
an application where the skyrmion functions as a binary or quaternary memory bit and is
manipulated between the minima by a magnetic gradient.
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Chapter 1
Introductory Works on Skyrmions
1.1

Precursor to Magnetic Skyrmions

Skyrmions in the context of this thesis are studied in condensed matter systems, typically in
chiral magnets. They are attractive for applications because they can exist at the nanoscale
in thin films, are topologically protected so that there is a large energy barrier preventing
their collapse, and are easily manipulated by very small currents. As such, they have been
proposed for various computing applications (see Section 2.4). This thesis concerns itself with
obtaining various properties of ferromagnetic skyrmions. From an analytical perspective, this
is largely done through the Belavin-Polyakov (BP) pure exchange formalism, see Sections
1.1.3 and 3.1.
In the ferromagnetic system with the strong nearest-neighbor exchange interaction, the
length of the spin vector is conserved. For the two-dimensional, three-component spin
vector, the introduction of this constraint leads to a group of extremal solutions with finite
energy. These solutions are characterized by an integer Q called the topological charge.
The skyrmion is classified as the Q = 1 solution. In the pure exchange BP model, the
skyrmion is scale-invariant and its spin configuration, often referred to as the BP profile,
1
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can be found analytically. Other interactions which are present in real systems destroy this
scale invariance so that the equilibrium skyrmion size depends upon material parameters.
However, when the exchange interaction is much stronger than the other interactions, one
can treat them as perturbations which will slightly distort the BP shape.
However, to study the skyrmion systematically in real systems, we frequently turn to
numerical methods. This can be done for a lattice model using a program like Mathematica
by the minimization of the energy or the determination of the spin dynamics. The former
approach involves minimizing the energy through the alignment of the spins with the effective
field, in a routine described in Section 3.2.2. The latter approach involves numerically solving
the Landau-Lifshitz equation, see for instance Section 6.3.1, or the Thiele equation, see
Section 6.2.4, that treats the skyrmion as a rigid particle.
The rest of this chapter pays homage to the pioneering works on skyrmions, which
can be traced back to 1958 in a paper written by their namesake Tony Skyrme, who was
studying high energy theory. His works, as well as many other works on skyrmions and
other topological solitons in ferromagnets, from the 1960s to the 1990s, are highlighted in
this chapter.
Chapter 2 discusses the mechanism for the anisotropic (also called Dzyaloshinskii-Moriya)
exchange, before going through an overview of the first works on ferromagnetic skyrmions
and their properties. This includes the early experimental discoveries of skyrmion lattices,
their unusual resistivity properties due to their topology, their response to an applied current,
theoretical works on isolated skyrmions and their potential uses for applications, and a brief
overview of antiskyrmions.
Chapter 3 goes into detail about the Belavin-Polyakov formalism to determine some
fundamental properties of skyrmions in the pure exchange model. Then it shows how this
model permits other solutions, including biskyrmions, which have topological charge Q = 2.
We find that biskyrmions can exist in non-chiral films of a sufficient thickness.
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Chapter 4 studies the stability of the biskyrmion lattice consisting of a triangular array
of Q = 2 biskyrmions, starting with the framework established by the BP model. The
biskyrmion lattice energy can be lower than the energy of the uniform state. However, in
the absence of an external field, it is likely that it will consist of a collection of biskyrmion
bubbles.
Chapter 5 theoretically studies the nucleation of a skyrmion by a magnetic force microscope
(MFM) tip starting from the uniform ferromagnetic state. The creation of the skyrmion
involves the creation of a skyrmion-antiskyrmion pair to conserve the topology. However, in
a lattice model, the antiskyrmion will collapse when the tip field is strong enough, leaving
behind an isolated skyrmion.
Chapter 6 studies the skyrmion-skyrmion interaction in a non-centrosymmetric magnetic
material that has the anisotropic Dzyaloshinskii-Moriya interaction (DMI). It also discusses
the skyrmion dynamics in terms of the Thiele formalism which treats them as rigid particles.
The skyrmions repel at all separations with a long-range behavior determined by the magnetic
field but overall is driven by the DMI.
Chapter 7 discusses the computation of the skyrmion mass using a toy model that takes
into account the magnetoelastic coupling. When the spin-phonon interaction is considered,
the skyrmion will acquire a finite mass that is otherwise zero in the translationally invariant
system. Furthermore, the mass is linear in the skyrmion size rather than its area because it
is attributable to the spin field derivatives.
Chapter 8 discusses how the energy landscape of a skyrmion is modified when it is
in a confined geometry and the stabilizing magnetic field is tilted away from the axis
perpendicular to the film. Global energy minima occur at a finite distance from the boundary.
In principle, the skyrmion can be manipulated between these minima by a small magnetic
gradient and thus function as a logical bit.
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Skyrme

Initially, skyrmions were formulated in a series of papers by British physicist Tony Skyrme [1],
[4], [5], [6], who developed a non-linear theory to explain aspects of the strong interaction.
To begin, in [1], Skyrme attempted to create a framework to describe mesons, nucleons
and hyperons by introducing a non-linear term to the Lagrangian that consisted of a fourcomponent field vector of constant length [1],
4
X

Φ2i = Q2 ,

(1.1)

i=1

where Q is a constant containing the dimensionality. The introduction of this constraint
was motivated by the idea that the four space-time fields are not necessarily independent.
This term destroys the invariance of continuous groups of rotations in four dimensions, only
preserving the symmetry of rotations of 90 degrees about any axis. This is physically reflected
in the fact that isospin and strangeness are conserved modulo 2 or 4. In turn, this constraint
leads to a new set of spin matrices where for the fermion fields ψ and the transformed third
Pauli matrix ρ3 , there will be a conserved quantity [1]:
Z

d3 x ψ † ρ3 ψ = N,

(1.2)

that refers to the number of particles that are present.
It was shown by Finkelstein and Misner [2] that such conserved quantities are always
integers for so-called intrinsic non-linear field theories. Furthermore, these conserved quantities
are unchanged by a continuous deformation, i.e. have a topological character, due to the
structure of the field variables, rather than the usual conservation of dynamical quantities
due to continuous symmetries. One can think of a topological space as arising from a
metric space, which itself is comprised of a non-empty set and a function satisfying certain
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fundamental properties [3]. The non-trivial topology of the solutions of a non-linear theory
with the constraint of Eq. (1.1) will be discussed shortly, see Section 1.1.3.
Skyrme built on this non-linear theory in [4] by explicitly studying the singular static
solutions that arise from a potential of the form of Eq. (1.1) within a classical model. These
solutions, henceforth referred to as ”skyrmions,” will have finite energy, which holds true for
skyrmions in magnetic systems as well. Furthermore, the number of solutions present, i.e.
the particle number, depends on the behavior at infinity. Skyrme expanded upon this in [5]
where he attempted to show that quantum states exist analogous to the classical solutions
of the previous paper. Of note for this work was the inclusion of the boundary condition for
the scalar field that [5]:
Φ4 (∞) = 1.

(1.3)

For magnetic systems, which typically involve studying a number of spins on an atomic
lattice, this corresponds to requiring that the spins point ”up” at infinity. It is also an
essential requirement for the solutions to have a non-trivial topology.
The last work [6] was the culmination of everything discussed to this point. In particular,
the topological character of the singular static solutions, i.e. skyrmions, was made explicit.
The operators of the theory are unitary operators U = eiφ whose domain is the circumference
of a circle, S 1 in one-dimensional space, or a quaternion whose domain is the surface of
the four-dimensional three-sphere S 3 , due to the constraint Eq. (1.1). Furthermore, the
particle number, i.e. the skyrmion number N from Eq. (1.2) is a constant of motion that
geometrically indicates the number of times the field distribution U (x) completely covers
the sphere. The boundary condition, Eq. (1.3) insures that the continuous field generates
an integer number N . As a result, the field will contain a particle at a point x = xo when
U (xo ) = −1. From the Lagrangian, it can be shown that N , the skyrmion number, is a
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conserved quantity as already mentioned, i.e.
∂N
= 0.
∂x

(1.4)

Also of note is the concept that particle states are described by singular operators and that
the function [6]:
Πα =

2QΦα
,
1 + Φ4

α = 1, 2, 3

(1.5)

can be used to more compactly describe the fields. A similar expression appearing in Section
3.1 yields skyrmion solutions for magnetic systems with the ferromagnetic nearest-neighbor
exchange interaction for the two-dimesional three-component spin vector.
The combined ideas mentioned above that are encapsulated in Eqs. (1.1) - (1.5) are
integral to defining a skyrmion in condensed matter systems. It is important to note that the
Skyrme theory gives stable, time-independent particles (i.e. particles with a finite mass) only
if one adds a higher-order term to the Lagrangian. This will be important when considering
the stability of ferromagnetic skyrmions, where a higher-order term for the energy does
not enter through physical means. However, in magnetic systems, skyrmions can also be
stabilized by terms involving the first-order derivatives, the so-called Lifshitz invariants,
which was first pointed out by Bogdanov and Yablonskii [30], and later by Rößler et al. [52].
These types of terms are present in chiral systems, see Section 2.1.

1.1.2

Berezinskii

Another important contributor to the field that would eventually become the study of
magnetic skyrmions in condensed matter systems was Berezinskii. In particular, he studied
two-dimensional ferromagnetic systems using an XY model where the spins only have two
components.

In this system, there cannot be a spontaneous violation of a continuous
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symmetry, i.e. a spontaneous magnetic moment when T 6= 0. The system cannot possess
long-range order because the magnetic moment diverges with the system size. Consequently,
he attempted to describe the two-dimensional system using the XY model at low temperatures
when the destruction of long-range order occurs on finite length scales.
In the paper [7], he studied lattice systems with the nearest-neighbor Heisenberg Hamiltonian
H:
H = −J

X

si · sj .

(1.6)

hi<ji

Here, J is the exchange constant. The two-dimensional spin vector at position r is given
by sr = {cos ϕr , sin ϕr }. Near T = 0, the system undergoes small fluctutations from the
minimum energy E0 , justifying the quadratic expansion about small deviations:

H − E0 ≈

J
2

X 1
(ϕr − ϕr0 )2 ,
2
0

(1.7)

|r−r |=a

where a is the lattice spacing. This expansion allows one to calculate the free energy at low
temperatures. One ends up with a Gaussian distribution for ϕr with a correlation function
that goes as [7]:
hϕr , ϕr0 i ∝

J
ln |r − r0 |.
T

(1.8)

Consequently, as Berezinskii showed [7], there is a logarithmic term in the free energy, leading
to a spontaneous magnetic moment that diverges logarithmically with the system size in the
absence of an external magnetic field. As the ground state is ordered, and long-range order
vanishes over finite distances at small but non-zero temperature, Berezinskii concluded that
there should be a phase transition as T → 0, which can be attributed to the degeneracy of
the energy from Eq. (1.7).
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Belavin and Polyakov

The works of Skyrme and Berezinskii were integral to the paper of Belavin and Polyakov
[10] which first introduced the concept of a skyrmion in a ferromagnetic system. The work
combined the idea of a constrained system with a unit vector that contained the degree
of mapping introduced by Skyrme, with Berezinskii’s contributions to the study of twodimensional systems where there is no long-range order when the temperature is non-zero
and it appears that a phase transition occurs at T → 0. In particular, Belavin and Polyakov
considered a class of finite energy solutions characterized by a winding number, called the
topological charge, that is analogous to the circulation of two-dimensional systems studied
by Berezinskii in [8].
In this work [10], Belavin and Polyakov reasoned that in a two-dimensional ferromagnetic
system, with three-component unit length spin vector, one can calculate the spin correlation
function n(r) and average over all the possible fields. In the zero-temperature limit T → 0,
the fields closest to the energy minimum are the most important, i.e. the solutions that
minimize the Hamiltonian, δH = 0. The trivial solution reproduces the uniform state
corresponding to the ferromagnetic alignment. In principle though, as shown by Berezinskii
[7], [8], there can be pseudoparticle solutions with a scale-invariant, finite energy that arise
at the T → 0 phase transition.
Belavin and Polyakov [10] considered the ferromagnetic nearest-neighbor exchange energy
in the continuous limit which can be written as:

Hex

J
=
2

Z

2

dρ



∂n
∂ri

2
; i = x, y,

(1.9)

where J is the exchange constant and n2 (x, y) = 1 is the normalized three-component spin
field in the plane. This constraint, in addition to the boundary condition that the spins
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point up at infinity,
n(∞) = {0, 0, 1} ,

(1.10)

ensures there are finite energy pseudoparticle solutions with a non-trivial topology that
minimize the energy, in a two-dimensional analog to Skyrme’s works. To understand this,
note that the two-dimensional plane can be mapped to the two-sphere S 2 by assigning a point
on the plane to a corresponding location on the sphere using a process called stereographic
projection, a mapping process first described by Riemann [62]. Similarly, the physical spin
field n can also be mapped to the two-sphere S̃ 2 from the constraint n2 = 1 in the same
way. To deal with the behavior at infinity, it is standard to associate the north pole of
the two-sphere with where the spins point up, in accordance with the boundary condition
nz (∞) = 1.
In that sense, Belavin and Polyakov [10] realized that the extremal configurations of n
that satisfy δHex = 0 consist of an infinite number of mappings from S̃ 2 → S 2 , where the
spin field contains the degree of mapping between those two spaces. Each mapping belongs
to a different homotopic class which is characterized by an integer. Informally, two spaces
are in the same homotopy class if you can continuously deform one space into the other [11].
The integer associated with each class is a topological invariant (see also Section 1.2.2) that
is typically referred to as the topological charge Q. The topological charge indicates the
number of times the spin vector covers the unit sphere S 2 as the entire plane is swept. Note
that similar vortex-like solutions of integer ”charge” were first studied by Faddeev in the
context of high energy theory [9]. Formally, the topological charge can be expressed as [10]:
1
Q=
8π

Z

∂nγ
1
d ρ αβγ µν n
=
∂xµ ∂xν
4π
2

α ∂n

β

Z

2

d ρn·



∂n ∂n
×
∂x
∂y


,

(1.11)

where the  are antisymmetric tensors. This expression is essentially the computation in
R 2
1
Cartesian coordinates of the integral Q = 4π
dS̃ · n [12]. The skyrmion of topological
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charge Q = 1 and the antiskyrmion of topological charge Q = −1 are shown below in Fig.
1.1.

Figure 1.1: Mapping the three-component spin field from the space S̃ 2 (top two images) onto
the plane, which itself can be mapped to the space S 2 (middle two images). The bottom
two images show the full rotation of the spins along lines going through the center of the
skyrmion with Q = 1 (left-hand side) and the antiskyrmion with Q = −1 (right-hand side).
The images have topological charge Q = ±1 because the sphere is fully covered once in the
course of mapping. Reprinted Fig. 1 from Hoffmann, M., Zimmermann, B., Müller, G.P. et
al. Antiskyrmions stabilized at interfaces by anisotropic Dzyaloshinskii-Moriya interactions.
Nat Commun 8, 308 (2017).
DOI: https://doi.org/10.1038/s41467-017-00313-0 under the Creative Commons License
http://creativecommons.org/licenses/by/4.0/. The figure is altered so that the label for each
panel, a) - f) was removed.

Furthermore, Belavin and Polyakov found that a relationship between the minimum
energy solutions and the topological charge can be established by using the inequality [10]:


∂nγ
∂nα
− αβγ µν nβ
∂xµ
∂xν

2
≥ 0,

(1.12)
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which is simply a statement that the left hand side must be positive definite for real-valued
spin vectors. Using this, one obtains the condition [10]:

Hex ≥ 4πJ|Q|.

(1.13)

Note that the sign of Q distinguishes different mappings that are degenerate energy states
when only the exchange interaction is considered (see for instance, Section 2.5 for additional
details). The metastable solutions have the energy of the lower bound. Following the
treatment in [12], one can minimize Eq. (1.9) using the constraint n2 = 1 to obtain the
condition for the metastable solutions [12]:

∇2 n = (n · ∇2 )n.

(1.14)

In terms of the Landau-Lifshitz formalism [17], where the metastable solutions correspond
to the alignment of the spins with the effective field, this is equivalent to the condition:

n × Heff = 0;

Heff = −

δHex
= J∇2 n.
δn

(1.15)

In other words, the metastable solutions correspond to the alignment of the spins with the
effective exchange field.
Belavin and Polyakov reduced this condition to an equivalent first-order differential
equation of the form [10]:
∂nα
∂nγ
= µν αβγ nβ
.
∂xµ
∂xν

(1.16)

To obtain the explicit metastable spin configurations that satisfy this equation, if one takes
the unit vector in the form n = {sin θ cos φ, sin θ sin φ, cos θ}, one can define the complex
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functions:
 
nx
θ
= cot
cos φ,
ω1 =
1 − nz
2
 
θ
ny
= cot
sin φ,
ω2 =
1 − nz
2
 
θ iφ
ω = ω1 + iω2 = cot
e ,
2

(1.17)

where the expressions on the right hand side appeared in [10] and the middle terms involving
the explicit spin components are from [12]. Substituting Eq. (1.17) into Eq. (1.16), one
obtains [10]:
∂ω1
∂ω2
=
;
∂x
∂y

∂ω1
∂ω2
=−
.
∂y
∂x

(1.18)

These are simply the Cauchy-Riemann equations that are satisfied for any analytic function
where the only singularities are simple poles. Any ω that satisfies the above equation will
produce the rigid Belavin-Polyakov spin profile for the skyrmion with topological charge Q
with minimum energy Eex = 4πJ|Q|.

1.2
1.2.1

Other Magnetic Excitations
Magnon Drops

Belavin and Polyakov showed that the magnetic skyrmion is a finite energy excitation that
is a defect in the ferromagnetic order that is only metastable in the pure exchange model.
Other authors extended this research by studying excitations in ferromagnetic systems and
taking into account other interactions. One example of these excitations is bound magnon
states, also called magnon drops, studied by Ivanov and Kosevich [31]. In a ferromagnet
with the nearest-neighbor exchange interaction of strength α and the easy-axis anisotropy
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of strength β, the energy in the continuous limit has the form [31]:

E=

1
2

Z

#
" 
2
∂M
+ βMz2 .
dr α
∂ri

(1.19)

One can consider the case where the total magnetization is conserved, M2 = M20 , where M0
is the saturation magnetization. With this constraint, M can be expressed as:

M = M0 {sin θ cos φ, sin θ sin φ, cos θ}.

(1.20)

Here, θ is the usual spherical angle taken with respect to the z -axis and φ is the angle in the
plane. One can define the number of magnon states, i.e. excitations, as [31]:
1
N=
2µ0

Z

M0
dr {M0 − Mz (r, t)} =
2µ0

Z
dr {1 − cos θ(r, t)} .

(1.21)

There are extrema when ∂φ/∂ri = 0 [31]. The lowest energy corresponds to the angle θ
having radial symmetry, θ = θ(r), which gives the equation of motion as [31]:


ω
α d2 θ 2 dθ
+
sin θ = 0,
−
sin
θ
cos
θ
+
β dr2 r dr
ω0

(1.22)

where ω0 = 2µ0 βM0 . Ivanov and Kosevich [31]. showed that bound state solutions where
N  1 can exist within the frequency range 0 < ω < ω0 , which are termed by the authors
as ”magnon drops”.
This was expanded upon in a paper by Kosevich, Ivanov and Kovalev [32] in which they
derived a two-parameter localized solution to the non-linear equations for the magnetization
of a ferromagnet. Using the form of the magnetization from Eq. (1.20), they took as the
Lagrangian [32]:
~M0
L=
2µ0



∂φ
1 − cos θ
− E,
∂t

(1.23)
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where E is the same as Eq. (1.19). In the paper, they derived a condition for localized
plane wave solutions of one spatial coordinate ξ, with velocity V and precession frequency
ω, such that θ = θ(ξ − V t), φ = φ(ξ − V t) + ωt. Then, in terms of the magnon number
R
M0
dξ(1 − cos θ), and the momentum of the magnetization field [32]:
N = 2µ
0
P = −a

2

Z

∞

−∞

∂φ ∂L
dξ,
∂ξ ∂ φ̇

(1.24)

one can derive localized solutions as a function of the magnon number and the momentum of
the magnetization field, which are quantized. In summary, several works showed that there
could be localized excitations of the spins in a ferromagnet that are expressed in terms of
quantized quantities.

1.2.2

Topological Solitons

While [31] and [32] studied bound magnon states in a ferromagnet, other papers around the
same time realized that the excitations in a ferromagnet could have a topological aspect,
such as that first suggested by Belavin and Polyakov. Equations of motion were derived for
these ”topological solitons, ” of which a magnetic skyrmion is one example. Traditionally,
solitons are solutions to non-linear wave equations that preserve their shape after scattering
[14]. In the context of particle physics, solitons are quantized solutions to a wave equation
that can be excited to other quantum states after scattering [14]. A so-called ”topological”
soliton is characterized by a topological invariant, a topological property that is common
to any pair of topological spaces when there exists an invertible map from one space to the
other, termed a homeomorphism [15] (see for instance Section 1.1.3 and Eq. (1.11)).
A relevant example of a topological soliton is illustrated by Rebbi and Soliani [14].
Solutions of the sine-Gordon equation in one dimension for the field φ have the associated
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kinetic and potential energies:
 2
1 ∂φ
,
T =
dx
2 ∂t
(  
)
Z
2
1 ∂φ
U =
dx
+ (1 − cos φ) .
2 ∂x
Z

(1.25)

The energy is minimized when the field is a constant, φ = 2πn. Finite energy solutions
are determined by the behavior of the field at positive and negative infinity. Consequently,
the parameter ∆n = n+∞ − n−∞ is a topological invariant that cannot be changed by
continuously deforming the field while keeping the energy finite.
Therefore, non-trivial topological soliton solutions (in the above example this would
occur for ∆n 6= 0) have smooth energy densities in a finite region [16]. Furthermore,
soliton solutions will not exist as stable (time-independent) solutions in three dimensions in
accordance with the proof by Derrick [33]. However, the works done on topological solitons
in ferromagnets in the 1970s and 1980s laid the foundation for the study of skyrmions,
which are theoretically stable with the inclusion of the Lifshitz invariants, see Section 2.1.
Additionally, Derrick’s theorem does not prohibit periodic solutions, which are also studied
below.
Dzyaloshinskii and Ivanov studied topological solitons in a ferromagnet in three dimensions
in [34]. They noted that there could be a homogeneous distribution at infinity, i.e. the spins
pointing up, m(∞) = ẑ, in their work. Therefore, the spin distributions can be described by
the mapping from R3 to the two-sphere S 2 which will be characterized by a Hopf invariant,
a homotopy invariant of mappings between n-spheres [35] that has integer values. For the
Hopf invariant Z = ±1, the normalized spin vector can be expressed as [34]:

m = ẑ cos(2χ) + R̂(R̂ẑ)(1 − cos(2χ)) + [R̂, ẑ] sin(2χ).

(1.26)
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In the above expression, R̂(r̂) spans the unit sphere for the vector r̂ spanning the unit spheres
χ(r, θ) with the boundary conditions χ(0, θ) = π, χ(∞, θ) = 0. This solution is the so-called
”hedgehog”. For the pure-exchange case, the form of R̂ and χ can be found by minimizing
the energy. The authors found that for the asymptotic solution, the energy goes as the size of
the soliton and that the soliton size itself goes as the cubed root of the number of magnons.
Kovalev, Kosevich and Maslov in [36] took the approach of the earlier works [31] and [32]
to study magnon drops of a topological character. For the spin vector of the form of Eq.
(1.20), the number of spin excitations (magnons) and their associated angular momentum
can be written as [36]:
Z
M0
dV (1 − cos θ) ,
N =
2µ0
Z
~M0
K = −
dV (1 − cos θ) r∇φ.
2µ0
Note that the first term is a reprint of Eq.

(1.27)

(1.21) and the second term is the three

dimensional form of Eq. (1.24), collected in this section for convenience. However, they
realized that magnon drops that have a non-vanishing angular momentum can be associated
with topological singularities, the simplest case of which would be a magnetic ”vortex”. One
set of solutions has the form [36]:

θ = θ(r),
φ = ωt + pz + νχ + φ0 ,

(1.28)

where ω is the precession frequency and χ is the angle in the plane.
Kovalev, Kosevich and Maslov [36] used this Ansatz, Eq. (1.28), together with the
boundary conditions:
θ(∞) = 0;

θ(0) = mφ,

(1.29)
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which on substitution into the energy for a ferromagnet with easy-axis type anisotropy, (see
for instance, Eq. (1.19)) led them to obtain an equation of motion similar to Eq. (1.22) of
the previous subsection [36] :


ν2
d2 θ 1 dθ
− 1 + 2 sin θ cos θ + Ω sin θ = 0.
+
dρ2 ρ dρ
ρ
Here ρ = r/l0 where l0 =

(1.30)

p
α/β is the characteristic length, which is the ratio of the

exchange to anisotropy. Solutions to this equation describe states where the magnon flux
(spin deviations) flows about a preferred axis. Specifically, p = 0 gives a rotating magnon
drop in two dimensions or a linear magnetic vortex in three dimensions. Furthermore, the
relation between the angular momentum and the magnon number can be expressed in terms
of quantized values as |K| = ~νN .
Vorohov, Ivanov and Kosevich extended this work in [37] to consider the dynamics of
two-dimensional solitons in a ferromagnet with easy axis anisotropy. In addition to only
considering a two-dimensional space, the authors associated the topological charge with the
integer number ν contained in the Ansatz of Eq. (1.28), so that ν = 0, ±1, ±2, .... For the
simplest case of the precession of the soliton about the z -axis, one can drop the p term in Eq.
(1.28) to get Kz = −~νN and reproduce the same equation of motion as Eq. (1.30), where
Ω = ω/ω0 for the homogeneous ferromagnetic resonance frequency ω0 . There are localized
solutions when ω < ω0 (see also [31], which examines solutions in this frequency range).
Furthermore, they showed that magnetic solitons are only possible if ω < ω0 /|ν|. When the
magnon excitations tend to zero, i.e. N → 0, then the energy of the solitons tends to the
limiting value [37]:
E = 4π|ν|αM02 .

(1.31)

In this limit, the soliton solution has the energy of the magnetic skyrmion in the pure
exchange limit that was first studied by Belavin and Polyakov. Furthermore, Vorohov,
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Ivanov and Kosevich showed that the static solutions ω = 0 have the form [37]:
   |ν|
θ
R
=
,
tan
2
r

(1.32)

where R is the size of the soliton. For ν = 1, this is nothing more than the Belavin-Polyakov
profile for the Q = 1 magnetic skyrmion.

1.2.3

Magnetic Bubbles

The works discussed to this point were largely theoretical; ferromagnetic skyrmions, in
particular, would not be observed experimentally for several more decades. Instead, magnetic
bubbles were more widely studied, since they had properties that were attractive for potential
applications. Magnetic bubbles were studied by experimentalists who were examining the
dynamics of domain walls, first by Kooy and Enz in thin layers of BaFe12 O19 [43]. Kooy and
Enz found that some domains within the material formed with a direction opposite to the
applied field. Kooy and Enz observed that the width of these so-called ”reversed domains”
decreased with increasing external field until it reached a critical value, while the width of the
domains magnetized in the direction of the applied field increased rapidly to near saturation.
Eventually, the reversed domains contracted from their line shapes into cylindrical domains
termed bubbles, which collapsed on the application of even higher fields.
In addition to these cylindrical domains, also called ”soft bubbles,” Malozemoff [41] was
the first to write a theoretical paper predicting ”hard” bubbles. Bloch lines are line defects
within Bloch domain walls formed by the intersection of two walls that rotate in the opposite
direction. Malozemoff predicted that if Bloch lines are separated by a distance smaller than
the width of a single line, the wall magnetization will rotate smoothly with a rotation angle
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along the wall perimeter given by [41]:

ψ=

nπx
,
p

(1.33)

where x is the distance along the wall perimeter and p is the perimeter of the domain. Since
there must be a complete rotation when x = p, he concluded that n is an even integer and
that the Bloch lines must form in pairs. When this is satisfied, then the Bloch lines can
form a ”hard” magnetic bubble. From energy considerations, validated experimentally by
Tabor et al. [42], these hard bubbles can exist in a higher magnetic field range than normal
bubbles and will move at an angle to an applied magnetic gradient, while normal bubbles
will move parallel to the gradient.
Furthermore, these magnetic bubbles have a topological aspect, see for instance the
review by F.H. De Leeuv et al [40]. They are characterized by a winding number which
indicates the number of revolutions experienced by the magnetization vector as it sweeps
the perimeter of the bubble:
1
S=
2π

I
dψ.

(1.34)

Skyrmions, however, are more preferable for applications as they are easier to manipulate
and can have much smaller size, see Section 2.4.

1.2.4

Magnetic Vortices

The foundation for the possibility of stable magnetic vortices, another type of topological
soliton similar to the skyrmion, spans a number of works. Vortices can be viewed as a
defect in the magnetic ordering of the system. Furthermore, magnetic systems can have
singularities in their thermodynamic potential. As one example, Kohn [24] noted that the
conduction electrons in a metal could partially screen phonons. If the screening is a rapidly
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changing function of the phonon momentum q, this can lead to abrupt changes in the Fermi
surface, so that there are points where [24]:

|∇q ω(q)|surf ace = ∞.

(1.35)

The conduction electrons cannot screen the embedded charge distribution outside the Fermi
surface when |q| > 2kF , where kF is the Fermi vector. Therefore, the singularities that can
occur on the Fermi surface are defined by the relation [24]:

|q + Kν | = 2kF

(1.36)

for the reciprocal lattice vectors Kν . This leads to the singularity in the thermodynamic
potential of the form [24]:

ΦKohn ∼ (q − 2kf ) ln

kF
|q − 2kF |


.

(1.37)

Lifshitz examined this phenomenon in more detail in [25]. He showed that if there
existed a continuously changing parameter, such as a deformation of the lattice that causes
the energy with respect to the Fermi surface k − µ to change sign, then this will lead to
changes in the topology of the Fermi surface. This is because the deformation affects the
electron state density, which will alter the dynamics of electrons with momenta close to the
Fermi momentum. This is termed an ”electron transition” that can occur in metals under
high pressures. The basic form for this singular contribution to the thermodynamic potential
has the form [25]:
ΦLif shitz ∼ (q − 2kf )5/2 .

(1.38)

These works informed the works of Dzyaloshinskii [26], [27] in his study of more gradual
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changes of the wave vectors, to explain the so-called ”superstructure” pattern in antiferromagnets,
a structure which is qualitatively similar to a magnetic vortex on a much larger scale. The
helicoidal superstructure consists of the slight turning of the spins about a given axis as one
goes from one layer to the next so that the complete rotation of the spins describes a helicoid
with a ”beat” period much larger than the lattice spacing. One can view the helicoid as the
result of what happens when the cross-section of a screw is rotated as the screw is translated
along its main axis [28].
It was shown for non-metals in [26] that the condition for the helicoidal rotation pattern
in antiferromagnets can be found by considering the transition from paramagnetism to
antiferromagnetism in the Landau-Lifshitz phase transition formalism. Then, one must
minimize the thermodynamic potential Φ that contains the magnetic terms up to secondorder, including all the invariant terms that respect the lattice symmetry. This will limit the
possible types of phase transitions. Specifically, certain groups must contain an antisymmetric
combination of first derivatives such as [26]:

sif

∂sjf 0
∂si
− sjf 0 f ,
∂x
∂x

(1.39)

which is an example of a Lifshitz term due to the anisotropic Dzyaloshinskii-Moriya interaction.
The vectors f and f ’ are confined to the reciprocal lattice. This interaction is discussed more
in Section 2.1.
Dzyaloshinskii extended this work to metals with a sinusoidal or helicoidal structure in
[27] to calculate the singularities in the thermodynamic potential that occur due to changes
in the Fermi surface, such as those first pointed out by Kohn [24] and Lifshitz, [25]. This
involved an expansion of the wave-vectors near the critical value q = 2kF for the electrons
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in a periodic external field of the type [27]:

s(r) = s0 eiqz + s∗0 e−iqz .

(1.40)

Here, s0 is pure real or pure imaginary for the sinusoidal case or a complex vector in the xyplane for the helicoidal case, respectively. Ultimately, Dzyaloshinskii derived a more general
form for the singularities in the thermodynamic potential that reproduces Eq. (1.37) or Eq.
(1.38) in the appropriate limits to obtain a twisted, or vortex-like structure.
The additional inspiration for stable magnetic vortices came from the work of Bar’yakhtar,
Borovik, and Popov [29]. For an antiferromagnet with the easy-axis anisotropy, the Néel
vector describing the magnetization of one of the sublattices will either be parallel or
perpendicular to the anisotropy axis depending upon the strength of the applied field.
However, Bar’yakhtar, Borovik, and Popov showed that there can be a first-order phase
transition to an intermediate state where both types of domains coexist.
This phenomenon, which is analogous to the formation of magnetic domains in a ferromagnet,
as well as the works of Kohn, Lifshitz, and Dzyaloshinskii, were the impetus for Bogdanov
and Yablonskii’s work on stable singularities that can exist in the thermodynamic potential
of a ferromagnet, which they termed magnetic vortices [30]. In the paper, Bogdanov and
Yablonskii examined a ferromagnet with its symmetry axis along the z -direction so that the
full expression for the energy in the continuous limit can be expressed as [30]:
Z
E=

)
( 
2
1
1
∂M
− βMz2 − HMz − M · Hd + W 0 .
dV α
∂ri
2
2

(1.41)

This expression contains the exchange energy, the anisotropy energy, the Zeeman energy,
the energy due to the demagnetizing field (Hd = −4π∇ · M) and the anisotropic exchange
energy, which is also called the Dzyaloshinskii-Moriya interaction energy, respectively, in
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terms of the magnetization M.
For magnets near the first-order phase transition induced by the external magnetic field,
(here H = H ẑ), there can be domains with differing orientations, like those studied for
instance in [29]. This situation, as Bogdanov and Yablonskii pointed out, is analogous to the
intermediate state of a type-I superconductor. As such, they reasoned that it was possible
for magnetic vortices to form, analogous to the so-called mixed state consisting of Abrikosov
vortices in a type-II superconductor, within some range of external field. This type of state
is possible in a ferromagnet if the energy contains the anisotropic exchange.
The anisotropic exchange term, also called the Dzyaloshinskii-Moriya interaction (DMI),
which is discussed in Section 2.1, depends upon the crystal symmetry. One type of crystal
√
symmetry promotes a Néel domain wall with energy density σ ∝ αβ ± A, where A
characterizes the strength of the anisotropic exchange. Therefore, the instability in the
system away from the ferromagnetic state is due to the DMI. As Bogdanov and Yablonskii
p
pointed out [30], the instability criterion, π|A| > 2 α(β + 4π) is analogous to the condition
relating the coherence length and the penetration depth that must be satisfied for the
formation of vortices in a type-II superconductor. Therefore, the DMI can promote and
stabilize magnetic vortices.
To analyze the vortex, they first considered the energy of the uniform state, with saturation
magnetization M2 = M02 [30]:
1
E0 = − βM02 − M0 H + 2πNz M02 .
2

(1.42)

Here, the demagnetizing field is due to an ellipsoid with its principal axis along z and Nz
is the demagnetizing factor. Instabilities can arise on decreasing the external field. To
determine the value of this critical field, one can assume that the magnetization can be
p
written in terms of spherical variables, see Eq. (1.20) where θ = θ(ρ), ρ = x2 + y 2 and φ
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is just the angle in the plane.
Substituting this into the expression for the energy and integrating over φ, one is left
with the expression [30]:

E = 2πM02

Z

)
#
( " 


2
dθ
1
1
dθ 1
α
+ 2 sin2 θ + A
+ sin θ cos θ − (β + 4π) cos2 θ − h cos θ ,
ρdρ
2
dρ
ρ
dρ ρ
2
(1.43)

where h = (H − 4πNz M0 )/M0 . For the boundary conditions θ(0) = π, θ(∞) = 0, i.e. the
Skyrme boundary conditions used to describe topological solitons in magnetism, the function
θ(ρ) minimizing this energy will give the vortex solution. For the Ansatz [30]:


ρ
θ(ρ) = π 1 −
ρ0

(1.44)

in the region ρ < ρ0 , ρ0 characterizing the size of the vortex, Bogdanov and Yablonskii found
that the vortex energy behaves as [30]:

Evortex ∝ α − Aρ0 + (β + h)ρ20 .

(1.45)

This result has the same size dependences as a magnetic skyrmion with the Belavin-Polyakov
pure exchange spin profile, see Section 3.1. For this profile, the exchange energy is independent
of the skyrmion size, as it is here for the ”magnetic vortex”, the DMI energy is linear in the
skyrmion size, as it is linear here for the vortex size, and the anisotropy and Zeeman energies
are quadratic in the skyrmion size, as it is quadratic here for the vortex size. Note that the
term ”vortex” used by Bogdanov and Yablonskii is a generic term to describe the defect,
and the distinction between skyrmions and vortices in two-dimensional systems is discussed
in the next few paragraphs.
Bogdanov and Hubert furthered this striking relationship between magnetic vortices and
the magnetic skyrmion in [38] in which they pointed out that the topological charge of
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solutions satisfying Eq. (1.43) can be calculated using the expression Eq. (1.11), citing the
Belavin-Polyakov paper on magnetic skyrmions. This topological charge of the magnetic
vortex is made clearer by Tretiakov and Tchenyshyov [44], see below. Then, Nikiforov and
Sonin [39] showed that the vortex dynamics in a planar ferromagnet are governed by both
its vorticity and its polarity which together can be used to define its topological charge (see
below).
Skyrmions and vortices are both topological excitations that can occur in ferromagnets.
The distinction between vortices and skyrmions is pointed out for instance by Tanygin [64].
Vortices have a rotation in two-dimensional space. There are vortices where the vertex core
points out of the plane, i.e. the angle with respect to the out of plane axis θ is θ = 0 or
π at the center of the vortex and θ = π/2 far away. Skyrmions on the other hand, contain
the rotation of the magnetization in the full three-dimensional space and have a continuous
transition of the spins from 0 ≤ θ ≤ π. It should be noted that skyrmions and vortices with
the core pointing out of the plane are in the same symmetry group.
The exact relationship from a topological perspective between a magnetic skyrmion and
a magnetic vortex was pointed out by Tretiakov and Tchenyshyov [44] in their attempt to
explain numerical observations of vortex-antivortex pair annihilation by Hertel and Schneider
[45]. The vortex is characterized by a winding number much like for magnetic bubbles, see
Eq. (1.34), which is related to the change in the magnetization as one integrates over a
closed curve. The vortex has winding number n = 1, while an antivortex has winding
number n = −1. Furthermore, the vortex and antivortex are characterized by a polarization
p referring to the magnetization direction of the core. For thin-film magnets even with easyplane anisotropy, there are vortices where the core points out of the plane, while the rest of
the spins lie mainly in the plane, i.e. p = ±1. Hertel and Schneider observed numerically
that the vortex-antivortex annihilation was accompanied by a large burst of spin waves if
the pair had opposite polarity, while the energy dissipated steadily if the pair had the same
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polarity.
Tretiatov and Tchenyshyov realized that this behavior was due to the topological charge
of the vortex-antivortex pair in [44]. The vortex (or antivortex) must have a half-integer
topological charge, given by [44]:
Qvortex =

np
.
2

(1.46)

Therefore, the vortex-antivortex pair with opposite polarity must have topological charge
Q = ±1, the same as a skyrmion/ antiskyrmion. The state with non-zero topology cannot
be deformed continuously into a ground state with zero topology. As a result, the vortexantivortex pair of opposite polarity, i.e. the skyrmion, will decay into spin waves, which is
allowed for the discrete system.
In summary, the foundation for the theory of ferromagnetic skyrmions occurred over a
period of decades before their experimental discovery. The original idea proposed by Skyrme
was the addition of a non-linear term to the Lagrangian in a model for baryons and mesons.
Belavin and Polyakov saw that this same type of term could lead to quasiparticles of a
topological character with finite energy in a two-dimensional ferromagnet. They reasoned
this was possible since it seemed a phase transition could occur in the two-dimensional system
lacking long-range order, where such systems were studied by Berezinskii. Other theoretical
works about topological solitons were published in the intervening years, culminating in the
works of Bogdanov and Yablonskii describing stable magnetic vortices. Magnetic bubbles,
which have a topological character of their own were being studied during the same time
period and were practically realizable. However, research into magnetic bubbles and their
applications, specifically for computer memory, gave way to research about magnetic skyrmions
when it was shown that spontaneous skyrmion ground states are stable without an applied
field [52] and they were discovered experimentally in 2009 [55].

Chapter 2
Ferromagnetic Skyrmions: Discovery
and Properties
As was shown in the previous chapter, the foundational works on skyrmions in magnetic
systems occurred over the course of several decades. However, it wasn’t until 2006 that it
was realized that magnetic skyrmions could be theoretically stable and it was not until 2009
that skyrmions were observed experimentally. This chapter concerns itself with these initial
discoveries, as well as going into small detail about the Dzyaloshinskii-Moriya interaction,
which is crucial for stabilizing skyrmions in many materials. There is also an overview
of skyrmion properties and potential applications involving skyrmions, as well as a brief
synopsis of antiskyrmions. Note that throughout the rest of this work, we study skyrmions
in systems with the ferromagnetic exchange. All of the works mentioned, from Section 2.2
onward, deal with ”ferromagnetic” skyrmions, as the systems have ferromagnetic order in
their phase diagrams. There can in principle be ”antiferromagnetic” skyrmions, which have
different properties (see for instance [46], [47], [48]), which are not considered in this thesis.
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The Anisotropic Exchange

Skyrmions can be stabilized by the anisotropic exchange, which is commonly referred to
as the Dzyaloshinskii-Moriya interaction that is present in chiral magnets. This is the
primary mechanism studied by Rößler et al. [52] that makes it theoretically possible for the
spontaneous formation of a skyrmion lattice in zero applied magnetic field. The interaction
was first studied phenomenologically by Dzyaloshinskii in [18] to explain why certain antiferromagnetic
materials exhibit weak ferromagnetism, i.e. possess a non-zero spontaneous magnetization
much smaller in magnitude than can be attributed to the ferromagnetic exchange interaction.
The problem can be studied using Landau’s methodology for phase transitions of the
second kind, where the transition under consideration is from paramagnetism, where the
mean spin density s = 0, to antiferromagnetism, where the mean spin density s 6= 0 (for an
R
antiferromagnet, sdV = 0). For the unit cell containing several magnetic ions that cannot
be transformed to each other by translations, the mean spin of each ion must be denoted
by its own subscript, si . The paper [18] considers α−Fe2 O3 , which necessitates four unique
identifiers i = 1, 2, 3, 4.
Near the transition, the thermodynamic potential can be expanded as a power series
containing only even powers that respect the transformation s → −s in accordance with the
Laudau phase transition formalism. Dzyaloshinskii found [18] that there are symmetry states
where the mean magnetization vector of the antiferromagnetic sublattices can be non-zero,
yet still respect all of the symmetry transformations of the crystal class. To examine this in
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more detail, he defined the set of vectors [18]:

m =

4
X

si ,

i=1

l1 = s1 − s2 − s3 + s4 ,
l2 = s1 − s2 + s3 − s4 ,
l3 = s1 + s2 − s3 − s4 .
(2.1)

Then the thermodynamic potential can be expanded in even powers in terms of these
variables. This gives the usual quadratic potential plus terms of a mixed type, such as
[18]:
ΦD = β1 (l1x my − l1y mx ) + β2 (l2x l3y − l3x l2y ),

(2.2)

that are allowed by the crystal symmetry. Here, β1 and β2 are phenomenological parameters.
Appropriate minimization of the thermodynamic potential shows that there are cases where
the energy is minimized for non-zero m, i.e. when the spins are canted. The magnitude of
the canting with respect to the total magnetization is of the order of 10−5 to 10−2 [18], which
is also the typical ratio of βi to the exchange constant. Dzyaloshinskii pointed out that as a
result, the terms like Eq. (2.2) must be relativistic and due to the anisotropy of the crystal,
but he did not derive their physical origin.
Moriya was the first to properly explain the physical origins of this phenomenon. In
[20], he introduced the notation that is typically used to describe the Dzyaloshinskii-Moriya
interaction (DMI) energy [20]:
EDM = D · [S1 × S2 ] .

(2.3)

D is a vector determined by the crystal symmetry. Then, in [19], he derived the explicit
forms for D and showed that this energy, Eq. (2.3) arises if one accounts for the spin-orbit
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coupling in the superexchange terms.
Superexchange, also referred to as Kramers-Anderson superexchange, was first studied by
Kramers [49] and later by Anderson [21]. It typically occurs in transition metal salts in which
the ions are well separated by diamagnetic groups, i.e. the ions can interact through the
next-nearest neighbor exchange as they are separated by poor conductors. In [22], Anderson
specifically studied the interaction of the d-shell electrons with the diamagnetic ions in the
lattice. This leads to a (typically) antiferromagnetic interaction, mediated by the repulsive
interaction between the outer electrons that prevents them from delocalizing. Moriya used
this formalism in [19] with the inclusion of the spin-orbit term in the Hamiltonian to derive D
for various symmetries. No anisotropic interaction is present if the material has an inversion
center, i.e. D = 0 for centrosymmetric materials.

2.2

Discovery of Magnetic Skyrmions

Previously, it was thought that skyrmions could not be stable without an applied field
[67] or the rapid increase in the number of defects [66]. Note that in [66], Wright and
Mermin were studying the stability of the blue phase of cholesteric liquid crystals, which
would be the ”skyrmion” of that system. This changes if one considers chiral materials
that can produce ”twisted” states. One such example of a twisted state is found in the
material MnSi, a cubic helimagnet that has helical order below Tc ≈ 30 K [50] consisting
of a spiral arrangement of the spins on long length scales much larger than the lattice
spacing. This helical structure is attributed to the competition between the energy that
arises from amplitude modulations of the magnetic moment, which appears in the energy
as the gradient term for the exchange energy, with the anisotropic exchange. A similar
phenomenon was studied phenomenologically by Dzyaloshinskii [27] (see Section 1.2.4) for
the helicoidal superstructure comprised of helices with a pitch (period) much greater than
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the lattice spacing, and micromagnetically by Bogdanov et al. in [51]. For helimagnets,
the anisotropic exchange is due to the spin-orbit coupling and is called the Dzyaloshinskii
Moriya interaction (DMI). Furthermore, these structures have ferromagnetic order above a
certain applied field (see the discussion of the work of Mühlbauer et al. below).
Binz et al.

[53] studied the conditions under which the helical states in MnSi are

energetically favored. They found that these helical states are energetically similar to the
blue phase in liquid crystals. Tewari et al. [54] studied the criteria for short-range helical
order in MnSi by studying the local correlations on the temperature scale on which there
is a first-order phase transition from a chiral liquid to the gas state. This transition to the
gaseous state is called the blue fog or blue phase III of cholesteric liquid crystals.
Rößler et al. [52] connected the works of Binz and Tewari to magnetic systems to show
that spontaneous skyrmion states could be stable in systems with ferromagnetic (and in
principle antiferromagnetic) ordering. Specifically, skyrmions are simply the helical phases
identified by Binz and Tewari as the ”blue fog” phase in liquid crystals. The spontaneous
formation of magnetic skyrmions is possible if one considers variations of the magnetic
moment in the energy analysis. Then, the skyrmions can arise from the chiral interactions
that are found in non-centrosymmetric systems that possess the DMI, including MnSi. For
these systems, Rößler et al. analyzed the energy density functional that has the form [52]:

E = Am2

X

(∂i nj )2 + ηA (∇m)2 + fD (m) + f0 (m).

(2.4)

ij

Here, the magnetization is descibed by m = mn̂, A > 0 is the ferromagnetic exchange
constant, the gradient term with η < 1 characterizes the modulations in m, fD is the DMI
term and f0 is the term that contains the expansion about small m near the transition
temperature in accordance with the Landau-Lifshitz formalism.
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The DMI term can be expressed in a general form through the Lifshitz invariants [52]:

fD =

(k)
DLij



∂mj
∂mi
− mj
= D mi
∂rk
∂rk


,

(2.5)

where D characterizes the strength of the DMI interaction. This is essentially a generalized
tensor form that Moriya wrote in vector notation. The term f0 for small m can be expanded
in even powers near the critical temperature to give f0 ≈ a(T − Tc )m2 + bm4 + ... Then,
analysis by Rößler et al. [52] of Eq. (2.4) shows that if the system has an inversion center,
i.e. D = 0, the energy is minimized by the ferromagnetic state below the Curie temperature.
The relevant considerations come from D 6= 0 which can give fD < 0. In this case, twisted
states can be stabilized by the competition between the second and third terms in Eq. (2.4).
Note that the exact form of f0 is not important in describing this process, as at most it could
affect transition temperature values, etc.
There are two phases of interest [52]. The first phase is the transition to a state that
is ”twisted” away from the uniform state in one dimension. The energy can be lowered
even further by the second phase where there are rotations of the magnetization in two
dimensions that emanate from a central point, which Rößler et al. referred to as ”doubletwisting”. This second phase describes the formation of the skyrmion, where the central
nucleation point is the skyrmion center. Since these two states have different topologies,
Q = 0 and Q = 1, respectively, this will be a first-order phase transition, such as was
considered by Binz et al. [53] and Tewari et al. [54]. The skyrmion will only be stable if
the magnetic moment decreases in magnitude as one moves further away from the center of
the skyrmion. Otherwise, the twisted spins far away from the center no longer decrease the
energy [52]. In particular, Rößler et al. noted that skyrmions where m(ρ) is a decreasing
function, where ρ = 0 is the center of the skyrmion, will have the lowest energy.
If one extends this analysis to include contributions to the energy from the anisotropy and
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the dipole-dipole interaction, then Rößler et al. [52] claimed that a spontaneous skyrmion
lattice could form, analogous to the formation of an Abrikosov vortex lattice in a typeII superconductor. This is similar to the considerations of Bogdanov and Yablonskii for
vortices with Q = 1/2 [30], see Section 1.2.4. The skyrmion lattice will be stable for the
two-dimensional system and the ground state can have m 6= 0 in between the skyrmions [52].
In principle, this general analysis will apply to all symmetry classes that lack an inversion
center. As a result, Rößler et al claimed that these results can be applied to any chiral system
that tends to form twisted structures, such as antiferromagnetic crystals, and the interfaces
of magnetic materials. In summary, Rößler et al. showed that spontaneous skyrmion states
can be stabilized by the competition between the exchange and DMI, taking into account
fluctuations of the magnetic moment.
Several years later, this analytical result was studied and verified experimentally in several
cubic helimagnets. Skyrmion lattices can exist in these materials within a narrow range of
parameters. Mühlbauer et al. [55] used neutron scattering to observe the spontaneous
formation of a two-dimensional triangular skyrmion lattice in MnSi. The skyrmion lattice
was stable at the border in the phase diagram between long-range helimagnetic order and
the paramagnetic state when a magnetic field was applied perpendicular to the film surface.
Below the critical temperature, MnSi exhibits what is referred to as the conical phase up to
a critical field Bc,1 . In this phase, one of the components of the wave vector aligns with the
direction of the field, while the transverse component is still in the helical state [57]. At higher
applied fields, Bc2 , there is ferromagnetic order. However, near the critical temperature, there
exists the so-called A-phase which has hexagonal symmetry, which Mühlbauer et al. found
was stabilized by the field perpendicular to the plane of strength B ≈ Bc2 /2.
This structure, which has an oscillating topological charge, is a skyrmion lattice where the
center of the skyrmions point opposite the applied field [55]. The A-phase (skyrmion lattice)
can be stabilized by Gaussian thermal fluctuations even in zero field. This phase was studied
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in more detail by Pappas et al. [56] with polarized neutron scattering that gave them better
resolution to see the fluctuations close to the helical transition. The skyrmion lattice had an
exponential correlation length that one could use to extract the skyrmion size. Pappas et al.
found that this imposed the upper bound on the skyrmion size as λskrymion ≤ λhelixpitch /2,
with skyrmions being energetically favored at short lengths.
Skyrmion lattices were observed in MnSi as well as Fe1−x Cox Si [58]. Yu et al. [59]
observed them in Fe0.5 Co0.5 Si, another helimagnet, and found they were stable over a wide
range of temperature and applied field. They observed the formation of a skyrmion lattice
in a two-dimensional magnet (film length is less than the helical wavelength) using Lorentz
transmission electron microscopy (TEM) that allowed them to observe the spin structures
at different temperatures and magnetic fields. Yu et al. observed that the helical state
transitions to the two-dimensional skyrmion lattice for a field applied perpendicular to the
plane at low temperatures. Yu et al. also found that the skyrmion lattice can appear in the
bulk three-dimensional crystal in a narrower T − B range as well.
Heinze et al. [65] furthered the study of skyrmion lattices with the experimental discovery
of a skyrmion lattice as the magnetic ground state of a hexagonal iron film one atomic
layer thick on the Ir(111) surface.

Furthermore, they described this state analytically

using the discrete Hamiltonian containing the ferromagnetic exchange, DMI and anisotropy.
Heinze et al. developed an analytical model using the experimental results from the Fourier
transformation of the results from the spin-polarized scanning tunneling microscopy (SPSTM) to obtain the reciprocal lattice vectors. In turn, the reciprocal lattice vectors are the
arguments of the angles describing the orientation of the spin components. Their analysis
shows that skyrmions are energetically favored over antiskyrmions due to the DMI. Most
importantly, this was the first demonstration that skyrmions could exist in ultrathin films,
in addition to bulk non-centrosymmetric magnetic materials like MnSi and (FeCo)Si.
Furthermore, Huang and Chien [60] showed experimentally that a skyrmion lattice could
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also exist in FeGe(111) thin films. This is of interest for applications, as FeGe has a critical
temperature Tc ≈ 278 K in the bulk material, which is near room temperature. Huang and
Chien showed that thin films can be constructed from FeGe that will stabilize a skyrmion
lattice in a wide range of temperature and applied field, even including zero field. These
states are stabilized by the anisotropy, which can be shown analytically [61] (see below).
Huang and Chien also found that thicker films with a width that is several times the helix
pitch can host stable skyrmion lattices. However, in the bulk state, the skyrmion lattice
emerged in an applied field, within a narrow T − B range, where the ground state is the
helical state described previously.
From a more analytical perspective, Butenko et al. [61] argued that the skyrmion lattice is
stable in FeGe(111) and other chiral magnets due to the uniaxial anisotropy, which suppresses
the helical states which would otherwise produce the global energy minimum. In their model,
the magnetic energy density is [61]:

w = J(∇M)2 − M · H + wD − KMz2 ,

(2.6)

where J > 0 is the ferromagnetic exchange, M is the magnetization vector in the applied field
H, wD is the DM energy density, and the last term is the perpendicular magnetic anisotropy
(directed along the z -axis) of strength K. They neglected the weak cubic anisotropy. In
zero field, and K = 0, the ground state is a single flat helix. Butenko et al. showed that
including the magnetic field and the uniaxial anisotropy produced a boundary in the phase
diagram with an associated ”flip field”, H ∼ K that suppressed the conical phase where one
component of the magnetization vector is parallel to H. Minimizing the energy and using the
standard radial solutions (see Section 1.2) with the Skyrme boundary conditions, Butenko
et al. showed that there is a H − K range where skyrmion states could exist. They are
stabilized by the magnetic field, which localizes the core of the skyrmions, while the uniaxial
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anisotropy suppresses the conical states that are present at lower fields.
Han et al. [63] explained the same phenomena observed in [55] and [59] by analyzing the
Ginzburg-Landau functional via stereographic projection. They used the same Hamiltonian
as Eq. (2.6) expressed in terms of the spin unit vectors, where wD = n · ∇ × n and K = 0.
In the aforementioned representation, the spin unit vectors can be expressed through [63]:

n = z† σz,

(2.7)

where σ are the 2 × 2 Pauli spin matrices and [63]:

  
−iφ
z1  e cos(θ/2)
z= =
.
sin(θ/2)
z2

(2.8)

Furthermore, from the Belavin-Polyakov paper [10], one can define the spin components for
the rigid BP skyrmion as:

nz =

where i =

r 2 − λ2
,
r 2 + λ2

nx + iny = 2iλ

x + iy
,
r2 + λ2

(2.9)

√
−1 and λ is the skyrmion size. This is the extremal spin configuration for the

pure exchange case where the skyrmion is a finite energy excitation of E = 4πJ. However,
Han et al. showed that the skyrmion can also be the ground state if one considers the full
free energy, which can be expressed in this formalism as [63]:

w = 2J

X

(Dµ z)† (Dµ z) − B · z† σz,

µ

Dµ = ∂µ − iAµ + i
Aµ = −

D
σµ ,
2J


i †
z (∂µ z) − (∂µ z† )z ,
2

(2.10)
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which contains the DMI with constant D, the magnetic field of strength B and the vector
potential Aµ that is related to the topological charge. Han et al. showed that there exists a
mapping from the U (1) pure exchange solution to the real-spin skyrmion even in the discrete
lattice model. They showed that the real spin model can be found explicitly by minimizing
the energy with the constraint z† z = 1. A similar methodology that maps the spin profile to
the complex plane is used in Section 3.1. This approach can be a powerful tool in simplifying
the analytical problem.
The works just discussed were pivotal in highlighting the possibility of stable magnetic
skyrmions in real materials and how that stabilization would occur. In any analytical study
of skyrmions, the minimal Hamiltonian must include the ferromagnetic nearest-neighbor
exchange, a Zeeman term due to an applied field, and a stabilizing term to ensure that
skyrmions can be the minimum energy configuration of the system. Typically, this term is
the DMI, which is why it was highlighted so prominently. This was seen in experiments as
well, where skyrmions were observed in chiral materials.

2.3

Topological Hall Effect, Skyrmion Hall Effect, and
Skyrmion Dynamics

Potential unusual properties of magnetic materials due to their internal structure have
been studied for decades.

The Hall effect is one example.

As a result of this effect,

applying a magnetic field to a current-carrying conductor leads to a voltage drop across
the conductor that is transverse to both the current and the applied magnetic field which
itself is perpendicular to the current [68]. The corresponding effect on the Hall resistivity
when considering a ferromagnet contains two terms. The first term, called the Hall term, is
proportional to the applied field and is due to the deflection of the charged particles moving
with a velocity perpendicular to the applied field. The second term, called the anomalous or
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spontaneous Hall term, is proportional to the magnetization. Smit and Volger [69] deduced
that this term is probably due to the internal magnetic field of the ferromagnet resulting
from dipoles. Later, Smit [70] connected this term to the spin-orbit effect.
It was also known that electrons hopping between atoms in a magnetic field could acquire
a phase factor. This factor depends upon the magnetic vector potential and is usually called
the Berry phase [71]. Taguchi et al. [72] realized that this phase factor in a chiral magnet
would depend upon the effective field due to the spin chirality, which in turn would depend
upon the topological and geometrical properties of the lattice. Binz et al. [53] realized this
phase could be observed experimentally as changes in the conductivity of chiral materials.
In other words, there would be a Hall effect due to the chiral structure, i.e. the topology, of
the system. This is relevant because such topological effects were observed in materials like
MnSi that can host skyrmions, as will be explored shortly.
Lee et al. [73] and Neubaeur et al [74] were able to observe this topological Hall Effect
(THE) in MnSi. Lee et al. saw a stepwise field profile in the Hall conductivity under a
wide range of pressures and Neubaeur et al. [74] saw a Hall effect in the T − B regions
that corresponded to the A-phase of MnSi, i.e. the skyrmion lattice phase. However, the
changes in the Hall conductivity were unlike the standard anomalous Hall effect. Instead,
Neubaeur et al. deduced that the atypical behavior of the conductivity was due to the
coupling of the spins of the applied current to the chiral skyrmion lattice. As a result,
the conduction electrons comprising the current acquired a Berry phase due to the effective
internal magnetic field produced by the skyrmion lattice. The effective field of the skyrmion
lattice in normalized units vectors is [74]:

Bµ =

1 h
µνλ n̂ · (∂ν n̂ × ∂λ n̂),
8π e

(2.11)

i.e a magnetic field that is proportional to the topological charge. Here µνλ is the antisymmetric
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tensor. Much like the standard Hall effect, the topological Hall effect for skyrmions leads
to a voltage drop in the direction transverse to the applied current and the magnetic field
which itself is perpendicular to the current.
The related skyrmion Hall Effect (SHE) was studied analytically and numerically by Zang
et al. [75]. They studied the collective dynamics of a skyrmion lattice in a thin film with
the standard exchange, Zeeman and DMI energies. Ultimately, Zang et al. found that the
skyrmion lattice could be moved as a whole with the application of an electric current, and
the skyrmions would move with a trajectory at an angle to the current. This phenomenon
is referred to as the skyrmion Hall effect. Zang et al. considered this process analytically
by studying deformations of the skyrmion lattice in terms of a rigid approximation of the
spin vectors, such that ñ(r, t) = n(r − u(r, t)). This is valid for a slowly varying elastic
deformation with respect to the skyrmion lattice scale.
Suppose, as Zang et al. did [75], that the skyrmion lattice as a whole, which in the rigid
approximation will have a velocity u̇ = vk , is driven by an applied current. The subscript
denotes that this is the component of the velocity in the direction of the current. The moving
skyrmion lattice will then induce an internal electric field, E = − 1c vk × B due to its internal
structure, which has the internal magnetic field B. Hence, Zang et al. noted that applying
a current to the skyrmion lattice will generate an electric current transverse to the direction
of vk , and this current is determined by the internal magnetic field of the skyrmion, which
in turn is determined by its topology. This will produce a voltage drop along the direction
transverse to the applied current. According to Zang et al. [75], this can be interpreted as
the topological Hall effect for the moving skyrmion lattice, i.e. the aforementioned skyrmion
Hall effect (SHE), which leads to the skyrmion lattice motion at an angle to the originally
applied current.
Furthermore, Zang et al. [75] showed that the transverse component of the skyrmion
lattice velocity, v⊥ is due to dissipation as a result of the skyrmion lattice’s internal field.
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Specifically, Zang et al. showed that the dissipation arises from the coupling of the conduction
electrons in the applied current with the local magnetic moments of the film. One can
define the corresponding skyrmion Hall angle as θ = v⊥ /vk , where v⊥ is proportional to the
topological charge. Ultimately, the topological and/or skyrmion Hall effect are due to the
internal magnetic fields of the skyrmion, leading to step-like behavior in the Hall conductivity
or skyrmion trajectories that are at an angle to the applied current, respectively. Note that
the SHE was directly observed in experiment by Jiang et al. [76] a few years later.
While the SHE is not ideal for applications involving skyrmions, as the skyrmion will not
be driven precisely along the current direction, it is encouraging for potential applications
that skyrmions can be driven by very low current densities, several orders of magnitude
smaller than domain walls. This was shown for instance by Yu et al. [77] in the material
FeGe, near room temperature. The translational and rotational motion of the skyrmion
lattice was observed Yu et al. using Lorentz transmission electron microscopy (LTEM) and
the main driving mechanism was the spin-transfer torque (STT). This process involves the
transfer of spin through a polarized current that will produce a torque on the skyrmion,
dragging it along. Yu et al. found that a small threshold current is needed to depin the
skyrmions from defects, analogous to the depinning of domain walls, only the threshold
current is much smaller than is needed to depin domain walls. As discussed previously, there
will be some transverse velocity due to the skyrmion Hall effect.
Iwasaki et al. [78] studied the mechanism responsible for driving a skyrmion via the STT.
They numerically solved the Landau-Lifshitz-Gilbert (LLG) equation, which is equivalent to
the Landau Lifshitz equation describing the magnetization dynamics, only the damping
(Gilbert) term is replaced by the time derivative of the magnetization [79] (see also Section
6.2.4). Iwasaki et al. demonstrated numerically for the system with the exchange, Zeeman,
DMI and random anisotropy that there is a linear current-velocity relation for the STTdriven skyrmion for the component of the velocity along the direction of the applied current.
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Furthermore, this component of the velocity is independent of the Gilbert damping, impurities,
and the non-adiabatic effect due to the coupling of the spins of the magnetic moment with
the spin-polarized current. This confirms the findings of Zang et al. [75]. Iwasaki et al.
proposed that this was because the skyrmion could avoid being trapped by impurities by
distorting its lattice structure or deforming its individual shape. However, since skyrmions
will rotate about impurity centers, the transverse component of velocity, and by extension
the skyrmion Hall angle, does depend on impurities.
Kong et al. [80] studied the skyrmion dynamics in a thin film to show that skyrmions
can also be driven by a temperature gradient. This was examined by numerically solving the
LLG equation with the exchange, Zeeman and DMI, with thermal fluctuations included as a
random field. The skyrmions moved due to the random fields. Kong et al. noted that at any
given moment in time, the velocity was random. However, the drift velocity was non-zero
and in the direction of the temperature gradient. Furthermore, the longitudinal component
of the velocity was proportional to the temperature gradient. However, there was a non-zero
transverse velocity also proportional to the temperature gradient, an order of magnitude
smaller than vk . In principle, this is another example of the skyrmion Hall effect [80].
Surprisingly, Kong et al. [80] found that the skyrmion moved from higher temperature
to lower temperature, rather than vice-versa, a behavior that was also observed for domain
walls by Jiang et al. [81]. As Kong et al. [80] explained, this behavior is due to the magnon
current. Magnons are excitations that arise when the spins deviate from equilibrium and
their spins are polarized antiparallel to the equilibrium direction. As Kong et al. pointed
out, since the magnons are small in comparison to the skyrmion, they move from hot to cold
in the temperature gradient. Since their spins are antiparallel to the equilibrium state, this
motion provides a negative transfer torque on the skyrmion due to its topology that drives
the skyrmion in the opposite direction from cold to hot to conserve angular momentum.
Iwasaki et al. [82] showed that the skyrmion dynamics will be different for the finite
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channel system. For the system with the exchange energy, Zeeman, DMI and random
anisotropy interactions, Iwasaki et al. found that the steady-state behavior of the skyrmion
velocity depends on the current with characteristics similar to domain walls. The dynamics
are completely changed due to the presence of the boundary, which will exert a repulsive force
on the skyrmion. Iwasaki et al. pointed out that this is because the in-plane components of
the spins at the boundary tilt opposite to the spins at the skyrmion perimeter. In particular,
even in the absence of dissipation that arises from the coupling of the magnetic moments
with the spins of the current (see above discussions of Zang et al. [75] and Iwasaki et al. [78]),
they found that the skyrmion will stop its motion at a finite distance from the boundary
even without impurities. Furthermore, Iwasaki et al. found that the transient behavior of
the velocity depended upon the initial distance of the skyrmion from the boundary.
Rohart and Thiaville [83] built on this work to study the confinement of skyrmions in
thin films. They found that the presence of the DMI modified the interface of an ultrathin
film by twisting the boundary spins. Rohart and Thiaville found these boundary conditions
by including all relevant interactions for the energy and using the variational approach to
obtain the boundary conditions describing how the spins twist at the edges. In the system
with the exchange, anisotropy and DMI, the uniform state is only a solution when the DMI
strength is zero. Rohart and Thiaville found that the uniform state is no longer a solution
for non-zero DMI, as the uniform state must modify itself to fulfill the boundary conditions.
One solution that minimizes the energy is the skyrmion whose center points opposite to
the direction of the magnetization at the boundary. Furthermore, Rohart and Thiaville
found that the size of the skyrmion will be proportional to the strength of the DMI. This
behavior remains true for very small DMI. Above a critical DMI strength, they found that
the width of the system restricts the possible size of the skyrmion. Rohart and Thiaville
showed that this is because there is an energy barrier from the skyrmion’s topology that
prevents it from expelling the domain wall at the boundary that possesses the same chirality
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as the skyrmion. Not only will this effect provide repulsion, but this could also lead to the
confinement of isolated skyrmions in the finite system.

2.4

Isolated Skyrmions and Applications

Skyrmions could have a number of useful applications in magnetic data storage and spintronic
technologies, a few of which are discussed below. They are easily manipulated by a small
current, can exist at sizes on the order of nanometers [84], and can exist in thin films,
including monolayers, as will also be discussed. To be plausible for applications, it was
important to verify that an isolated skyrmion could be stable.
Kiselev et al. [85] demonstrated analytically that it was possible for isolated skyrmions,
as opposed to the skyrmion lattice state, to exist in thin magnetic films, opening the door
for applications involving skyrmions. Analyzing the system with the energy per layer that
contained the exchange, Zeeman, anisotropy, stray field and DMI, respectively [85]:

w = J(∇M)2 − M · H − KM · n + wd + wD ,

(2.12)

they showed that there are solutions that give an isolated skyrmion within a range of
parameters. This includes solutions in zero and negative magnetic field, which are possible
when [85]:
πA
κ= √
< 0.
4 JK

(2.13)

The factor A refers to the DMI strength, which ultimately is critical for the existence of
stable isolated skyrmions of a finite size.
The DMI is important for both stabilizing and confining isolated skyrmions [83], as it
leads to repulsion of the skyrmion from the boundary, see also [82] as discussed in the previous
section. Sampaio et al. [86] utilized this fact to show analytically that isolated skyrmions
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are stable and can be nucleated in thin films with the DMI, in confirmation of Kiselev et al.
[85]. Sampaio et al. studied the stability of an isolated skyrmion in a nanostructure. In an
ultrathin film, there will be a term due to the DMI at the interface (interfacial DMI) that
can be expressed as:
HDM = −D12 · (s1 × s2 ).

(2.14)

Here, the vector D12 is perpendicular to the unit vector joining the spins s1 and s2 and lies in
the interface plane. Numerical simulations by Sampaio et al. [86] that included the exchange,
anisotropy, DMI and dipole-dipole interaction demonstrated that stable isolated skyrmions
could exist. Furthermore, Sampaio et al. demonstrated that the isolated skyrmion size is
proportional to the DMI. This is contrary to the skyrmion lattice. The skyrmion lattice
period given by the ratio of the exchange to DMI, 4πJ/A is such that increasing the DMI
strength A will produce more skyrmions that are smaller and closer together.
Additionally, Sampaio et al. [86] found that isolated skyrmions could be nucleated by the
spin-transfer torque. They observed that the application of a spin-polarized current produces
a region of reversed magnetization which preserves the Q = 0 topological charge, much like
the formation of a magnetic bubble, see Section 1.2.3. The wall separating the reversed
magnetization from the rest of the sample is composed of two regions of opposite chirality.
The part of the wall with the chirality favored by the DMI expands at the expense of the
other part of the wall, squeezing the unfavored chirality into a small defect-like region with
a large positive DMI energy. Eventually, this defect will reverse its magnetization direction,
leading to a jump in topological charge from Q = 0 to Q = 1, and the state will settle
into a stable skyrmion. This nucleation process studied by Sampaio et al. is similar to the
nucleation of a skyrmion with a magnetic force microscope, see Chapter 5. Finally, Sampaio
et al. confirmed the behavior of the isolated skyrmion driven by a current is the same as the
skyrmion lattice for a confined geometry (see Iwasaki [82]).
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The behavior of isolated skyrmions in confined geometries can be used for potential
applications. One such application, proposed by Zhang et al. [87] is the skyrmion-based
racetrack memory, where one must account for the repulsive behavior of the skyrmion with
the boundary, as well as the inter-skyrmion repulsion. The racetrack they considered would
consist of magnetic nanowires or nanostrips, while the skyrmions functioned as data bits
that stored information. Skyrmions are better suited for racetrack memory than domain
walls, as they require a much smaller current density, see for instance Yu et al. [77] or
Iwasaki et al. [78]. Zhang et al. found that to account for material imperfections, the ideal
spacing between skyrmions in the racetrack should be about the helix length. They found
that the skyrmion-skyrmion repulsion will change the velocity of skyrmions driven by the
current until they reach a critical separation between themselves. Additionally, Zhang et al.
found that the skyrmion-skyrmion repulsion, as well as their repulsions with the boundary,
will cause them to group together at the far end of the track. The skyrmions can then
be expelled across the boundary with a strong enough current that drives them past the
boundary [87] or by constructing a notch at the end that can annihilate them [82].
The behavior of skyrmions near boundaries can also be useful for other applications.
Iwasaki et al. [82] showed numerically that skyrmions could be nucleated or annihilated at
a notch. This is because the notch disrupts the skyrmion’s spin texture, which allows for
the topological charge to change continuously. Zhou and Ezawa [88] utilized this finding
to propose that skyrmions could be converted into domain wall pairs and vice versa using
a junction consisting of a pair of nanowires where one is wider than the other. In theory,
information can be encoded into domain walls. The domain wall pair can be converted to
skyrmions by passing through the junction, and then get converted back into the domain
wall pair on the other side of the junction. Zhou and Ezawa’s numerical simulations using
the LLG equation showed that the simplest way to do this is for the skyrmion state to be
in the part of the junction that has a larger diameter than the skyrmion size, and for the
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domain wall pair to be in the part where the junction diameter is smaller than the skyrmion
size. Zhou and Ezawa observed that as the domain wall pair driven by the spin-polarized
current passed the interface, the endpoints of the domain wall will get pinned to the interface
while the central part of the wall continued to move, deforming it into a curved shape. This
then meets the anti-domain wall as it approaches the interface and a skyrmion forms. The
interface allows for the violation of the topological charge which makes the process possible.
Zhang et al. [89] realized that the process studied by Zhou and Ezawa could be used to
construct logic gates. They proposed that each magnetic state can be associated with three
quantum numbers: the topological charge, the helicity, which is determined by the DMI
(also called the chirality, see Section 3.1), and the vorticity, which is the winding number
of the spins. Note that the vorticity is proportional to the topological charge, where the
latter is the vorticity multiplied by the difference of the spin behavior at infinity to the spin
behavior at the center of the skyrmion. Zhang et al. considered a junction consisting of a
thin nanowire connecting the wider input and output regions. They found that there are a
few different ways to change the quantum numbers, the findings of which are summarized
in the next few sentences from [89]. If the DMI is a different sign in the input and output
regions, the output skyrmion will have a different helicity than the input skyrmion. If one
changes the direction of the applied field in the input and output regions, the input skyrmion
after passing through the junction will be converted into an antiskyrmion with the opposite
helicity, as the sign of the topological charge has to do with the orientation of the central
spin relative to the spins far away. Finally, if both the sign of the DMI and the direction
of the applied field are different at each region, the input skyrmion will be output as an
antiskyrmion of the same helicity. Zhang et al. proposed that these processes can be used
to construct logic gates identified by the triplet of the aforementioned quantum numbers.
Jiang et al. [90] showed the nucleation of a skyrmion at a junction isn’t quite what the
numerical predictions of Zhou and Ezawa anticipated. They studied experimentally what
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happens to domain walls in constricted geometries in a chiral material. Jiang et al. found
that if an inhomogeneous current is applied to a chiral domain wall in a constriction, the wall
stretches until its surface tension increases so much that it breaks into a circular domain,
i.e. forms a ”skyrmion bubble”. The circular domains are stabilized by the DMI and form
skyrmions. They found that the threshold current needed to do this is much smaller than
previously predicted by Zhou and Ezawa [88] and that a domain wall pair is not required to
produce the skyrmion. This was one of the first papers that showed that the experimental
realization of skyrmionic applications was feasible.

2.4.1

Skyrmion Pinning

As skyrmions can be used in computing applications as manipulable bits, it is important to
study skyrmion pinning in materials. Analytical and numerical analysis of skyrmion pinning
uses two main approaches, often in combination, to study the dynamics: the LLG equation
(see previous section or Section 6.2.4), or the Thiele equation (see Section 6.2.4), which treats
skyrmions as rigid particles. It should be pointed out that the latter approach is ineffective
to study random pinning, as pointed out by Everschor et al. [228] since it does not take the
local structure into account.
Liu and Li [221] found that skyrmions could be pinned if the exchange term varied in
space. In such a scenario, the pinned skyrmion can even be energetically preferable compared
to the unpinned skyrmion. Furthermore, they found that the skyrmion could be depinned
by doing positive work, such as applying an electric current. Later, Koshibae and Nagaosa
[220] numerically and analytically studied the pinning of a single skyrmion and a skyrmion
lattice in the presence of strong and weak disorder when the skyrmions were driven by an
electric current. They observed that when stronger disorder is present, there are different
states that depend on the current density, the findings of which from [220] are summarized
in the next few sentences. At lower current density, skyrmions will be pinned by the disorder
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until they are depinned upon increasing the current. At larger current density, the skyrmions
multiply and the system is strongly distorted. At the strongest current density, the skyrmions
separate. They will cluster in an anisotropic skyrmion stripe until the skyrmion density
reaches a critical value and some skyrmions get crushed, leading to skyrmion annihilation.
Kim and Yoo [224] also studied skyrmion dynamics with disorder simulated by varying
the anisotropy at random sites with strengths taken from a Gaussian distribution. They
recorded the changes in the skyrmion size as it moved through the disorder. Kim and
Yoo found that the fluctuations in skyrmion size depended on the applied current density;
the skyrmions tended to be compressed at lower currents when the pinning had a stronger
influence. For larger currents where the behavior tended to the disorder-free state, the
skyrmion size remained close to its equilibrium value. In general, Kim and Yoo found that
stronger pinning forces lead to larger skyrmion size variance and more deformations of the
shape.
Lin et al. [225] studied skyrmion dynamics and pinning using Thiele’s equation. The
phenomenological force due to the defects was given as [225]:

Fd ∼ Jd exp(−

rd
),
ξd

(2.15)

where Jd is the defect strength and ξd is the defect size. Lin et al. found that the Magnus
force has a large effect on the skyrmion dynamics near pinning centers. Previously, the
Magnus force, which in this context arises due to a non-trivial topological object traveling in
a medium, was studied in the context of vortices in type-II superconductors, see for instance
[222] and Section 6.2.4. Lin et al. [225] found that when the Magnus force is much greater
than the dissipative force, the skyrmion will avoid pinning by deflecting along a trajectory
perpendicular to the pinning force. In the opposite limit, the pinning is much stronger and
the skyrmion will move towards the pinning center. Therefore, weaker depinning currents are
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required in the case of stronger Magnus forces. Martinez and Jalil [226] studied the current
induced motion of a skyrmion lattice using the Thiele equation as well, where the pinning
force was represented as the gradient of a scalar potential. They also saw that the Magnus
term was very important to the dynamics. González-Gómez et al. [227] similarly attempted
to find an analytical theory for pinning using the Thiele equation and a phenomenological
pinning force term.
Reichhardt et al. [223] studied driving the skyrmion lattice in the system with random
quenched disorder. The depinning goes from the elastic to plastic regime as the strength of
the disorder increases. When the driving force is increased sufficiently, they found that the
system behaves like the driven vortex system in type-II superconductors. This connection
was made explicit by Reichhardt et al. in [232], where they found that β/α = 0 is the
superconducting vortex regime, where β/α is the ratio of the strength of the Magnus term
to the damping term in the Thiele equation. For a fixed driving force, Reichhardt et al.
in [223] also found that the skyrmion velocity along the drive direction increased at the
expense of the transverse velocity. When Xiong et al. [229] studied a similar problem of
skyrmion depinning in the presence of quenched disorder, they also found that there is a
critical depinning force which depends on the strength of the Magnus force.
Reichhardt et al. [230] also studied the skyrmion dynamics when there are periodic
pinning arrays. The analysis was done using the Thiele equation with forces due to the
skyrmion-skyrmion interaction given by the modified Bessel function, a driving force due to
an applied current, and a phenomenological pinning force. Reichhardt et al. in [231] built
upon this work to consider the effect of varying the skyrmion density, with fixed pinning
density and pinning strength, on the skyrmion dynamics. For a low density of skyrmions,
Reichhardt et al. found that the skyrmions are more easily pinned. However, at higher
skyrmion density, the repulsive skyrmion-skyrmion interaction leads to a smaller depinning
force. These effects must be accounted for in any potential device involving skyrmions.
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Antiskyrmions

Skyrmions with topological charge Q = 1 and antiskyrmions with topological charge Q = −1
are energetically equivalent in the pure exchange model (see Sections 1.1.3 and 3.1). This
invariance is broken by the DMI so that they are not equivalent in chiral materials. As such,
the study of antiskyrmions is a distinct, though highly related, area of research.
The stability of antiskyrmions in noncentrosymmetric tetragonal antiferromagnets was
first studied by Bogdanov et al. [91] where they showed analytically that vortices could
be stabilized by the DMI. In the model including the exchange, DMI, uniaxial anisotropy,
and applied field along the tetragonal axis, Bloch antiskyrmions (see also section 3.1) are
supported by antiferromagnets with the D2d symmetry.
Okubo et al.

[92] showed that the minimal model containing the nearest-neighbor

exchange, as well as the antiferromagnetic second or third neighbor exchange, and a stabilizing
field can support antiskyrmions. In principle, the frustrated exchange can support both
skyrmions and antiskyrmions due to the symmetry of the in-plane spin components of
the skyrmion/antiskyrmion. Monte Carlo simulations by Okubo et al. indicated that the
antiskyrmion, as well as the antiskyrmion lattice, were stable within a certain field range as
a function of temperature.
Antiskyrmions can also be present in dipolar magnets. Koshibae and Nagaosa [93] found
that antiskyrmions can be nucleated by local heating in the model containing the exchange,
stabilizing field, perpendicular magnetic anisotropy (PMA) and the dipole-dipole interaction
(DDI). Koshibae and Nagaosa expanded upon this work in [94] to more systematically study
antiskyrmions. Numerical simulations using the LLG equation, first for zero DDI, showed
that skyrmion-antiskyrmion pairs emerge on increasing the field strength in a thin film chiral
magnet, conserving topological charge. As time progresses, the antiskyrmions disappear,
leaving a skyrmion state with a non-zero topological charge, in a phenomenon qualitatively
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similar to [128], see Chapter 5, and studied more recently by Han et al [95]. In the dipolar
magnet with the PMA, but with no DMI, Koshibae and Nagaosa found that the helix ground
state transforms into an elongated skyrmion with increasing time. Eventually, the skyrmion
will stretch long enough that an antiskyrmion forms in the center, separating the skyrmion
into two halves that will eventually merge into a single skyrmion. The antiskyrmions remain
stable in the model with the DDI, indicating that the frustrated exchange or the DDI can
stabilize antiskyrmions.
Huang et al. [96] demonstrated numerically that antiskyrmions can be stabilized by the
DMI. In the model with the exchange, PMA and DMI, the antiskyrmions will be stable
when there is an anisotropic DMI, i.e. the DMI vectors along x and y have opposite sign.
Furthermore, Huang et al. showed that the antiskyrmion has a corresponding antiskyrmion
Hall effect (see Section 2.3) in response to the driving current. However, as the response of
the antiskyrmion strongly depends on the current direction with respect to the antiskyrmion
motion, the Hall angle can be appropriately adjusted to zero, so that antiskyrmions seem
more promising for applications in memory or logic devices. A similar result was shown
by Song et al. [97] when including microwave electric fields. However, while an isolated
antiskyrmion can be driven by the spin-orbit torque (SOT) [100], and a skyrmion-antiskyrmion
pair can be nucleated by the spin-orbit torque [98] or an in-plane current [99], the antiskyrmion
will collapse in most systems, so other mechanisms must be determined for the antiskyrmion
nucleation.
At present, antiskyrmions have only been observed experimentally in bulk materials (see
below). However, numerical Monte Carlo simulations by Dupé et al. [101] showed that
skyrmions and antiskyrmions can be stable in the ultrathin film Pd/Fe/Ir(111) system.
The system they studied relaxed from a random initial spin configuration at very low
temperature under a field strong enough to induce the ferromagnetic state. They found
that Néel antiskyrmions and antibiskyrmions (see Section 3.1) can emerge in the model
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including the exchange, DMI, stabilizing field and PMA. Note that for this system, the
DDI is relatively weak enough compared to the PMA to justify neglecting it. Dupé et al.
posited that antiskyrmions can be created experimentally by freezing the film from a high
to very low temperature (1K) or by local heating, as suggested by Koshibae and Nagaosa.
Hoffman et al. [102] demonstrated that antiskyrmions can be stabilized in ultrathin films
if there is an anisotropic DMI, such as described by Huang, possessing C2v symmetry, like
2Fe/W(110). Hoffman et al. found that the model with the exchange, anisotropic DMI,
PMA and stabilizing field has stable Néel antiskyrmions. Note that Koshibae and Nagaosa
demonstrated that antiskyrmions are unstable in the presence of the isotropic DMI.
These works on antiskyrmions in thin films were extended by Camosi et al. [103] using a
combined analytical and numerical micromagnetic approach. For the C2v crystal symmetry,
promoting Néel modulations, the DMI vector along the x -direction is the negative of the
DMI vector along the y-direction (Dx = −Dy ). The continuous energy of the antiskyrmion
including the anisotropic DMI, the exchange and the PMA is identical to a skyrmion with the
isotropic DMI. However, Camosi et al. found that when dipolar interactions are included, the
antiskyrmion has a lower energy compared to the skyrmion. This is due to the orientation
of the antiskyrmion spins, where there are Bloch-like rotations, producing an anisotropic
dipolar energy. Furthermore, the antiskyrmion equilibrium size is higher compared to the
skyrmion.
Rohart and Thiaville [83] have shown that the DMI leads to twisted boundary conditions
that can confine skyrmions, and Leonov and Mostovoy [106] showed that edge states can give
rise to skyrmion-antiskyrmion pairs. Raeliarijaona et al. [107] showed through numerical
simulations that a skyrmion-antiskyrmion pair can be created across an interface separating
regions where there is the isotropic DMI and anistropic DMI with the application of a
magnetic field pulse. Furthermore, if the interface separates a region where there is no
DMI on one side and the anisotropic DMI on the other side, the magnetic field pulse can
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generate an isolated antiskyrmion. In Raeliarijaona et al.’s model, the PMA is neglected,
demonstrating that the anisotropic DMI is the primary mechanism for antiskyrmion nucleation.
Skyrmion and antiskyrmion pairs were also studied by Pierobon et al. [104]. They showed
through micromagnetic simulations that a skyrmion lattice in a thin film will undergo a firstorder phase transition to the Q = 0 state via the formation of antiskyrmions that pair each
skyrmion for some critical magnetic field, before the system settles to the ferromagnetic state
at a slightly higher field. A similar phenomenon was studied by Güngördü et al. [105]. If
defects are present, Güngördü et al. found that there is ”topological” melting where there
is a loss of topological charge. The presence of this phase transition strongly depends on
the material parameters of the PMA and DMI, yet is independent of whether the DMI is
isotropic or anisotropic.
The first evidence of antiskyrmions in experiment was found by Tanigaki et al. [108] in
the bulk material MnGe upon applying a field perpendicular to the sample plane, with the
intent of observing the 3D skyrmion lattice. In the 3D cubic skyrmion lattice, they found that
there will be hedgehog (skyrmion) and antihedgehog (antiskyrmion) spin textures. A short
time later, Zhang et al. [109] showed that artificial antiskyrmions could be created in Co/Pt
multilayers by modifying the anisotropy through ion irradiation. Then, the antiskyrmion
will be stable due to the DDI and be surrounded by four skyrmions.
Antiskyrmions have also been discovered in a number of Heusler compounds which possess
the D2d crystal symmetry that supports Bloch antiskyrmions (see also [91]). Nayak et al.
[110] observed the formation of an antiskyrmion lattice, as well as isolated antiskyrmions, in
the acentric tetragonal inverse Heusler compound Mn-Pt-Sn. They found that the system,
which has a helical ground state, evolves into the antiskyrmion lattice when the magnetic
field is applied along the tetragonal axis, or at an angle to it, in a temperature range from
100 K to 400 K. Nayak et al. found that an oblique field actually leads to better nucleation
of antiskyrmions near the critical temperature. Furthermore, they found that antiskyrmions

CHAPTER 2. DISCOVERY AND PROPERTIES

54

within the lattice disappear on increasing the field in the thinner regions of the sample until
it evolved into an array of single antiskyrmions that vanished at a critical field. Potkina et
al. [111] showed via numerical simulations that these large (150 nm) antiskyrmions have a
long lifetime at room temperature due to the large activation energy.
Kumar et al. [112] showed that antiskyrmions can be detected in Heusler compounds via
resistivity measurements. One can tune the properties of the bulk compound with chemical
substitution so that the usual helical spiral is formed, i.e. a non-trivial topological structure.
Below a critical temperature in the bulk material Mn1.4 Pt0.9 Pd0.1 Sn, Kumar et al. found
that the spins change from the helical state to an antiskyrmion lattice, and a topological
Hall effect is observed (see Section 2.3). The formation of the antiskyrmion lattice with the
material substitution suggests that its formation depends on the competition between the
DMI and the anisotropy. Ma et al. [113] went a step further to show that one can tune
the antiskyrmion size in D2d Heusler compounds by varying the film thickness, showing a
dependence of the skyrmion size on the DMI as well as dipolar interactions, in strong contrast
to skyrmions.
Peng et al. [114] observed that in the same material studied by Kumar et al. Mn1.4 Pt0.9 Pd0.1 Sn,
that there can be antiskyrmions, non-topological bubbles, and skyrmions depending upon
the temperature and in-plane field. At room temperature, they produced an antiskyrmion by
applying a field along the symmetry axis. When the field is slightly tilted from the normal,
Peng et al. found that the antiskyrmion with four Bloch lines transitions to the Q = 0 bubble
with two Bloch lines. The in-plane field induces a chirality to the bubble and the process
is reversible. They then found that if the in-plane component of the field is removed, the
Bloch lines vanish, leaving an elliptically deformed skyrmion. These findings were extended
by Yasin et al. [115] in the same material. They directly measured the magnetization of
the four Bloch lines comprising the antiskyrmion. In the same material, Jena et al. [116]
confirmed experimentally that the in-plane field is essential for antiskyrmion stability near
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room temperature.
Jena et al.

[117] also observed antiskyrmions in the ferrimagnet Mn2 Rh0.95 Ir0.05 Sn.

This Heusler compound has a much lower total magnetization. The helical spin structure
transforms into the antiskyrmion with a field tilted away from the tetragonal axis. Jena
et al. found that the antiskyrmion size did not strongly depend on the field strength for
a range of temperatures. In a recent preprint, Heigl et al. [118] found dipolar stabilized
antiskyrmions in a ferrimagnetic Fe/Gd-based multilayer, indicating that antiskyrmions can
be stable experimentally in other materials besides bulk D2d crystals.
In summary, antiskyrmions can be stabilized by the frustrated exchange, or more commonly
by the anisotropic (also called Dresselhaus), DMI found in materials with C2v symmetry or
the DMI found in materials such as Heusler compounds that have D2d symmetry. They
have enhanced stability over skyrmions in the presence of the DDI. They can be nucleated
by local heating, at a boundary, or with the application of a magnetic field. They have
primarily been found experimentally in bulk Heusler compounds with D2d symmetry, where
a slightly tilted field is used to stabilize them. In certain cases, they can be formed from
an in-plane field applied to a non-topological bubble. The antiskyrmion Hall angle depends
upon the direction of the applied current, so it can be adjusted so there is zero deflection of
the antiskyrmion from the current direction. As they are also topologically protected and
can move in the direction of the applied current, antiskyrmions also have potential for use
in applications.

Chapter 3
Skyrmions and Biskyrmions in the
Belavin-Polyakov Model
Magnetic skyrmions were first studied by Belavin and Polyakov in [10] (see also Section
1.1.3). In that paper, they considered a ferromagnet described by a two-dimensional, threecomponent spin field in the continuous model with only the nearest-neighbor exchange
interaction. When the length of the spin vector is conserved, a constraint is introduced
to the system. Then, the equilibrium spin configurations consist of a set of homotopy classes
that map the physical spin field to the sphere S 2 that are characterized by an integer, called
the topological charge. Skyrmions correspond to the configuration with topological charge
Q = 1. This model, also referred to as the Belavin-Polyakov (BP) pure exchange model,
can be used to obtain the explicit spin profile of arbitrary topological charge Q. When there
is only the exchange interaction, the skyrmion energy is scale-invariant. Other interactions
destroy this invariance. In the limit where the exchange interaction is much stronger than
other interactions, a reasonable approximation in most systems, one can assume the rigid
BP spin profile to obtain some analytical predictions. In this strong exchange limit, other
interactions can be treated as small perturbations that disturb the skyrmion from the rigid
56
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BP shape. This chapter outlines the BP model in more detail and then uses this model to
develop a theory of the biskyrmion that has topological charge Q = 2 that was studied in
our paper [137].

3.1

Skyrmions - The BP Profile

The Heisenberg nearest-neighbor exchange Hamiltonian for spins on a lattice at the locations
ri and rj has the form:
Hex = −

X

Jij s(ri ) · s(rj ).

(3.1)

hi<ji

The exchange interaction is a Coulomb interaction that arises from the overlap of the electron
wave functions. Jij is the so-called exchange integral that quantifies this overlap, see for
instance [12] or [13]. If the overlap is between nearest neighbors only on a square lattice,
then one can approximate the exchange integral as a constant that is the same for all pairs,
so that:
Hex = −J

X

s(ri ) · s(rj ).

(3.2)

hi<ji

To minimize the energy, the ferromagnetic exchange constant must be J > 0. Following the
treatment in [12], when the exchange energy is strong, neighboring spins will not deviate
strongly from one another. For the spins on the square lattice, one can approximate the
nearest-neighbor j th spin in terms of the ith spin by performing a Taylor series expansion
that has the form:
s(rj ) ≈ s(ri ) + a

∂s(ri ) a2 ∂ 2 s(ri )
+
+ · · ·,
∂rk
2 ∂rk ∂rl

(3.3)

where a = |rj −ri | is the lattice spacing. Furthermore, suppose one considers solutions where
the spin vector s ≡ s(x, y) is the three-component, two-dimensional spin vector confined to
the plane, so that the derivatives with respect to z have been dropped, and rk , rl = x, y.
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When the exchange energy is strong, the Hamiltonian commutes with the magnitude of
P
the total spin vector, S2 , where S = i si , so that S2 ≡ S 2 is a conserved quantity. One can
then re-express the spin vectors as normalized unit length spin vectors via the substitution
s
S

→ s so that s2 = 1. Making this replacement and substituting Eq. (3.3) into Eq. (3.2):

Hex


X
∂s(ri ) a2
∂ 2 s(ri )
s(ri ) · s(ri ) + a s(ri ) ·
= −JS
+
s(ri ) ·
+··· .
∂r
2
∂r
∂r
k
k
l
i
2

(3.4)

The first term produces an irrelevant constant. The second term is zero from the constraint
s2 = 1 =⇒ s · ∂i s = 0. Therefore, the lowest order non-trivial term is the quadratic one.
R
P
Switching to the continuous limit by substituting i → a12 d2 ρ and integrating by parts,
one finally obtains the expression for the exchange energy to lowest order:

Eex

J
=
2

Z

2

dρ



∂s
∂ri

2

J
=
2

Z

2

dρ



∂s
∂x

      
∂s
∂s
∂s
·
+
·
,
∂x
∂y
∂y

(3.5)

where JS 2 → J. Dropping the constant term amounts to shifting the energy so that the
ferromagnetic state corresponds to Eex = 0.
The energy will be minimized by spin configurations that satisfy [12]:

s × ∇2 s = 0,

(3.6)

i.e. when the spin configuration is collinear with the effective exchange field, Heff = −δEex /δs.
The metastable solutions are divided into homotopy classes characterized by an integer
topological charge Q = 0, ±1, ±2, ... given by [10]:
1
Q=
8π

Z

∂sγ
1
d ρ αβγ µν s
=
∂xµ ∂xν
4π
2

α ∂s

β

Z

2

d ρs·



∂s
∂s
×
∂x ∂y


,

(3.7)

which describes how many times the spin vector covers the sphere as one traverses the entire
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plane. Furthermore, the minimum energy solutions for each homotopy class will be (see also
Section 1.1.3) [10]:
Eex = 4πJ|Q|.

(3.8)

By the conventions of this thesis, skyrmions have positive topological charge Q > 0 and
antiskyrmions have negative topological charge Q < 0.
To obtain the minimum energy spin configurations, it is helpful to re-express the spincomponents in terms of the complex function ω. To begin, the metastable spin configurations
also satisfy [10]:
∂sγ
∂sα
= ±ij αβγ sβ
.
∂ri
∂rj

(3.9)

Then, the complex function ω ≡ ω(x, y) can be defined through the in-plane spin components
as [150]:
sx + isy =
where i =

2ω
,
|ω|2 + 1

(3.10)

√
−1. Therefore, the z -component of the spins can be expressed in terms of ω as:

s2z


=

|ω|2 − 1
|ω|2 + 1

2
,

(3.11)

which can be obtained from the constraint s2 = 1. From the above, there is a ± freedom that
can be fixed by setting the boundary conditions at infinity. Setting sz (∞) = −1 corresponds
to choosing the plus sign, so that by this convention [150]:

sz =

|ω|2 − 1
.
|ω|2 + 1

(3.12)

From this choice at infinity, this means ω is given explicitly as [150]:

ω=

sx + isy
.
1 − sz

(3.13)
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This definition is the two-dimensional analogue of the Skyrme expression Eq. (1.5) from
Section 1.1.1, for the three-dimensional, four-component model, with different sign in the
denominator due to the boundary condition, sz (∞) = −1.
Substituting the relations Eq. (3.10) and (3.12) into Eq. (3.9), the spin field s will be a
minimum energy configuration if the corresponding complex function ω satisfies [10]:
∂ω
∂ω
= ∓i .
∂x
∂y

(3.14)

This expression will be satisfied for any ω that is analytic except for poles. The simplest
class of solutions one can consider are [150]:

ω=

λ
z∗

Q

eiγ ,

(3.15)

as the relation Eq. (3.14) allows for the addition of a real parameter λ and an arbitrary
phase factor. Using the relations Eqs. (3.10) and (3.12), one obtains the BP spin profile for
the Q = 1 skyrmion as:

sBP =

2λ(x cos γ − y sin γ) 2λ(x sin γ + y cos γ) λ2 − x2 − y 2
,
, 2
x2 + y 2 + λ 2
x2 + y 2 + λ2
x + y 2 + λ2


.

(3.16)

The properties of the BP skyrmion can be obtained from the above equation and comparing
it to the corresponding ω- function. By the choice of convention from Eq. (3.11), the spins
will point ”up” (sz = 1) at the center of the skyrmion and ”down” (sz = −1) far away.
Analogously, at those same extrema, the ω function tends to infinity and zero, respectively.
As a result, the center of the skyrmion where the spins point up can be seen as occurring at
the pole of the ω-function.
Furthermore, from the z -component, the real parameter λ plays the role of the lateral
size of the skyrmion, corresponding to the distance over which the spins complete the 360◦
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rotation. Additionally, the phase γ refers to the orientation of the in-plane components of
the spins and characterizes how they rotate in the plane. This is called the chirality of
the skyrmion. Note that ρ̂ and φ̂ refer to the polar unit vectors. Bloch skyrmions have
chirality γ = ±π/2 which refers to the counterclockwise and clockwise, respectively, rotation
of the in-plane components in the φ̂ direction with respect to the skyrmion center while the
z -component smoothly varies from +1 to -1. Néel skyrmions have chirality γ = 0 or π which
refers to the outwards and inwards, respectively, rotation of the in-plane components in the
ρ̂ direction with respect to the skyrmion center while the z -component smoothly varies from
+1 to -1. Two examples are pictured below in Fig. 3.1.

Figure 3.1: Computer generated images of an outward Néel-type skyrmion, chirality
γ = 0 (first panel) and counterclockwise Bloch-type skyrmion, chirality γ = π/2 (second
panel). The arrows indicate the direction of the magnetization. The first image image
is reprinted from the article D. Capic, D. A. Garanin and E. M. Chudnovsky, Skyrmionskyrmion interaction in a magnetic film, J. Phys.: Condens. Matter 32, 415803-3 (2020).
DOI: https://doi.org/10.1088/1361-648X/ab9bc8 c IOP Publishing. Reproduced with
permission. All rights reserved. The second is from D. Capic, D. A. Garanin and E. M.
Chudnovsky, Biskyrmion lattices in centrosymmetric magnetic films, Phys. Rev. Research
1, 033011 (2019). DOI: https://doi.org/10.1103/PhysRevResearch.1.033011 and is reprinted
here under the Creative Commons Attribution 4.0 International license.
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One can examine the properties of the BP skyrmion in the continuous limit using the
spin profile from Eq. (3.16). To begin, the topological charge Q = 1 can be verified explicitly
using the formula from Eq. (3.7). Recall that the topological charge refers to the number
of times that the spin vector sweeps the unit sphere as the entire plane is covered, see also
Section 1.1.3 for more detail. Additionally, after substituting the spin components into the
expression for the exchange energy, one can verify directly that Eex = 4πJ, which is the
minimum energy of the Q = 1 homotopic class. Note that this energy is scale-invariant. In
a numerical lattice model, a skyrmion is considered to be close to the BP shape if it has an
energy close to this value.
Note that from the definition of the ω function from Eq. (3.13), the antiskyrmion, which
has topological charge Q < 0 can be found by taking z, rather than the complex conjugate,
as the argument of the ω function and replacing Q with |Q| [150]:
 |Q|
λ
eiγ .
ω=
z

(3.17)

Therefore, in general, the Q = ±1 skyrmion/antiskyrmion has the rigid BP spin profile:

sBP =

2λ(x cos γ − y sin γ) 2λ(x sin γ + y cos γ) λ2 − x2 − y 2
,Q
, 2
x2 + y 2 + λ2
x2 + y 2 + λ2
x + y 2 + λ2


.

(3.18)

The exchange energy of the antiskyrmion is the same as the skyrmion so that skyrmions and
antiskyrmions are equivalent in the BP formalism. The Zeeman energy for the field directed
along the core and the perpendicular magnetic anisotropy energy considered along the axis
of the core are also the same for both cases. The Dzyaloshinksii-Moriya interaction (DMI)
is one interaction that is responsible for breaking the invariance, as was discussed in Section
2.5.
Note that the ± freedom of Eq. (3.11) is important when defining ω. Choosing the
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negative sign affects the sign of the topological charge because it dictates how the spins
rotate. The problem is the behavior at infinity; most works take spins pointing up at infinity,
sz (∞) = 1, corresponding to taking the minus sign in the choice of sz in Eq. (3.11), an issue
that was considered in [150]. For this boundary condition, one must take z as the argument
of the ω function, so that the choice ω = ( λz )Q give skyrmions of topological charge Q > 0.
Then, zeroes of the ω-function correspond to the center of the skyrmion where the spins point
down and poles correspond to regions where the spins point up far away. One must take
the complex conjugate and replace Q with |Q| to obtain the antiskyrmion configurations.
However, for the conventions utilized in our works, one must take z ∗ as the argument for
the function ω = ( zλ∗ )Q to obtain skyrmions. Then, poles of the ω-function correspond to
the center of the skyrmion where the spins point up and the zeros to the regions when the
spins point down far away. Antiskyrmion configurations can be obtained by replacing z ∗
with z and Q with |Q|. This means that the ω-function ω = ( λz )Q from the former set of
conventions where sz (∞) = 1, has a topological charge Q = −1 using our conventions, where
sz (∞) = −1.

3.1.1

Energy of the BP Profile with Other Interactions

The introduction of other interactions breaks the scale invariance of the pure exchange model.
However, if the interactions are small in comparison to the exchange, then the corrections to
the BP profile are small and the interactions can be treated as perturbations. Therefore, one
can predict the energy dependences from other interactions on the skyrmion as a function
of the skyrmion size by assuming the rigid BP profile and inserting this expression into the
corresponding expression for the energy. In principle, these behaviors are more complicated
for a lattice model but can serve as valid approximations if the system is sufficiently large.
For instance, the energy due to the Zeeman interaction when an external magnetic field
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is applied is:
Hz = −

X

H · si

(3.19)

i

for the spins on the lattice. All relevant constants are absorbed into the magnetic field, so
that gµB SH → H and s2 = 1. If the external field is applied along the negative z -axis,
H = −Hêz , then in the continuous limit, the Zeeman energy can be expressed as:
H
Ez = + 2
a

Z

d2 ρ (sz + 1).

For the lattice spacing a, the factor 1/a2 comes from the substitution

(3.20)

P

i

→

1
a2

R

d2 ρ. The

second term is the subtraction of the contribution from the uniform spin-down background.
Subsequently, inserting Eq. (3.16) into the above expression, the Zeeman energy of the
skyrmion can be expressed as:
λ2
Ez = 4π 2 H ln
a

 
L
.
λ

(3.21)

In principle, the Zeeman energy diverges at the upper and lower bounds of integration. In
practice, one can avoid the divergence by integrating up to the system size L at the upper
bound and from the lattice spacing a ∼ λ at the lower bound. Hence, one sees that the field
H = −Hêz is referred to as a ”stabilizing” field because it tends to limit the skyrmion size
to minimize the energy.
The perpendicular magnetic anisotropy (PMA), directed along the z -axis in the lattice
model has the form:
HP M A = −

DX 2
s .
2 i i,z

(3.22)

where D is the anisotropy strength that contains the spin dimensionality (DS 2 → D). In

CHAPTER 3. SKYRMIONS AND BISKYRMIONS IN THE BP MODEL

65

the continuous limit, this energy can be expressed as:

EP M A

D
=− 2
2a

Z

d2 ρ (s2z − 1),

(3.23)

where again, the contribution from the spin-down background is subtracted from the energy.
This gives another expression that is quadratic in λ:

EP M A


  
 
1
λ2
λ2
L
L
= 4π 2 D ln
+
≈ 4π 2 D ln
a
λ
2
a
λ

(3.24)

for the sufficiently large system. The divergences at the upper and lower bounds were treated
in the same fashion as the Zeeman energy.
The Dzyaloshinskii-Moriya interaction (DMI) has various forms depending on the crystal
symmetry. The system is referred to as having the Bloch DMI if the DMI Hamiltonian the
form:
HDM,Bloch = A

X


(si × si+δx )x + (si × si+δy )y ,

(3.25)

i

where A characterizes the strength of the DMI and contains the spin dimensionality (AS 2 →
A), and δx,y refers to the nearest-neighbor along the x or y-direction, respectively. In the
continuous limit, the energy can be expressed as:

EDM,Bloch

A
=
a

Z


∂sz
∂sy
∂sx
∂sz
d ρ sy ×
− sz ×
+ sz ×
− sx
.
∂x
∂x
∂y
∂y
2



(3.26)

Inserting the expression for the rigid BP profile, the skyrmion energy due to the Bloch DMI
is:
λ
EDM I,Bloch = −4π A sin γ.
a

(3.27)

Similarly, the system is referred to as having the Néel DMI if the DMI Hamiltonian has the
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form:
HDM,N éel = −A

X

(si × si+δx )y − (si × si+δy )x .

(3.28)

i

In the continuous limit, the energy can be expressed as:

EDM,N éel

A
=−
a

Z


∂sz
∂sy
∂sz
∂sx
− sx ×
+ sz ×
− sy
.
d ρ sz ×
∂x
∂x
∂y
∂y
2



(3.29)

Inserting the expression for the BP profile, the skyrmion energy due to the Néel DMI is:
λ
EDM I,N éel = −4π A cos γ.
a

(3.30)

As one can see from the above expressions, the DMI promotes larger skyrmions with a
given chirality. The Bloch DMI promotes Bloch-type skyrmions with chirality γ = π/2
and γ = −π/2 for A > 0 and A < 0, respectively, and the Néel DMI promotes Néel-type
skyrmions with chirality γ = 0 and γ = π for A > 0 and A < 0, respectively. Putting this
together, the energy of the BP skyrmion in the model with the exchange, Zeeman, PMA
and DMI is:
λ2
E = 4πJ + 4π 2 ln
a

 
L
λ
(H + D) − 4π A(α cos γ + (1 − α) sin γ),
λ
a

(3.31)

where α = 0, 1 corresponds to the Bloch or Néel DMI, respectively. Note that this behavior
of the energy is identical for Bogdanov and Hubert’s vortex solution, Eq. (1.45), see Section
1.2.4.
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Complex Analysis Relations

The Wirtinger derivatives [143], which can be used for holomorphic functions that will satisfy
Eq. (3.14) have the form:

∂
∂
−i
,
∂x
∂y


∂
∂
1 ∂
+i
.
=
∂z ∗
2 ∂x
∂y
1
∂
=
∂z
2



(3.32)
(3.33)

Using the Wirtinger derivatives, the exchange energy from Eq. (3.5) can be expressed as:
Z
Eex = 2J




∂sx ∂sx ∂sy ∂sy ∂sz ∂sz
dρ
+
+
.
∂z ∂z ∗
∂z ∂z ∗
∂z ∂z ∗
2

(3.34)

Inserting the spin components in terms of the ω-function, one obtains:
Z
Eex =

4J
d2 ρ
2
(|ω| + 1)2

"

2

∂ω
∂z

∂ω
+
∂z ∗

2

#
.

(3.35)

Similarly, one can express Eq. (3.20) for the Zeeman energy as:

EZeeman

H
= 2
a

Z

H
d ρ (sz + 1) = 2
a
2

Z

d2 ρ

2|ω|2
,
|ω|2 + 1

(3.36)

2|ω|2
.
(|ω|2 + 1)2

(3.37)

and the anisotropy energy from Eq. (3.23) can be written as:

EP M A

D
=− 2
2a

Z

2

dρ

(s2z

D
− 1) = 2
a

Z

d2 ρ

Finally, the DMI energies from Eq. (3.26) and Eq. (3.28) after substitution of the Wirtinger
derivatives can be added together to obtain:

EDM I,N éel + iEDM I,Bloch

2A
=
a

Z


∂sz
∂s
dρ s
− sz
,
∂z
∂z
2



(3.38)
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where s ≡ sx + isy . Substitution gives:

EDM I,N éel + iEDM I,Bloch

4A
=
a

Z

∗

+ ω 2 ∂ω
∂z
dρ
.
(|ω|2 + 1)2
2

∂ω
∂z

(3.39)

Since the energies are real quantities, taking the real and imaginary parts of this expression
will give the Néel and Bloch DMI energies, respectively. This gives:


∂ω ∂ω ∗ ∂ω ∗ 2 ∂ω ∗2
2A
+ ∗ +
ω + ∗ω
=
dρ
a(|ω|2 + 1)2 ∂z
∂z
∂z
∂z


Z
∗
∗
∂ω ∂ω
∂ω 2 ∂ω ∗2
−2iA
2
− ∗ +
ω − ∗ω .
=
dρ
a(|ω|2 + 1)2 ∂z
∂z
∂z
∂z
Z

EDM I,N éel
EDM I,Bloch

2

(3.40)

Therefore, the energy of the BP skyrmion can be computed using the explicit spin components
or its corresponding ω-function.

3.2

Biskyrmions

An object called a ”biskyrmion”, which is characterized by the topological charge Q = 2,
was first studied as a potential model in high energy physics to describe a deuteron, see
for instance [138], [139], [140]. The biskyrmion lattice state was observed experimentally
in magnetic systems by X. Z. Yu et al. [144] and W. Wang et al. [146] in two separate
centrosymmetric materials. As shown in Section 2.1, centrosymmetric materials have an
inversion center; subsequently, there is no Dzyaloshinskii-Moriya interaction (DMI) which is
the typical mechanism for skyrmion stabilization. However, it has been observed experimentally
that skyrmions can be stabilized in centrosymmetric magnets by the uniaxial magnetic
anisotropy [145]. Similarly, it seems that biskyrmions in centrosymmetric materials must
also be stabilized by the competition between other interactions, including the uniaxial
magnetic anisotropy.
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Yu et al. [144] observed that the biskyrmion, which can be considered as a bound
state of two skyrmions of opposite chirality, could exist under a field applied perpendicular
to a thin plate of bilayered manganite, specifically La2−2x Sr1+2x Mn2 O7 , for 0.30 ≤ x ≤
0.33. The biskyrmion Yu et al. observed was composed of two skyrmions of opposite
chiralities which were induced by the dipolar interaction for the centrosymmetric case,
whereas non-centrosymmetric materials will have one preferred chirality induced by the
DMI. Furthermore, Yu et al. noted that the absence of the DMI meant that the biskyrmion
size was determined by the sample thickness and the external field. A triangular biskyrmion
lattice formed when a relatively small magnetic field up to a critical value was applied
perpendicular to the sample plane along the easy axis, breaking up the stripe domains. This
small field, about 0.35 T [144] for the ferromagnetic oxide Yu et al. studied, and the fact that
they could be driven by a small current, which Yu et al. also observed, makes biskyrmions
attractive candidates for applications, much like skyrmions.
Wang et al. [146] observed the biskyrmion lattice in the hexagonal magnet MnNiGa up
to room temperature. The biskyrmion lattice was stable over a wider temperature range
and external field range than other skyrmion bulk crystals. Much like Yu et al., Wang et al.
observed that the biskyrmion size depended on the applied field strength. Above the critical
field, the biskyrmions collapsed. Wang et al. postulated that the critical field depended on
the temperature and sample thickness. Furthermore, they observed a biskyrmion topological
Hall effect through resistivity measurements (see Section 2.3 for a discussion of the THE for
skyrmions).
Motivated by these discoveries, in [137], which is discussed in Sections 3.2.1 - 3.2.4,
we were interested in studying the properties of a biskyrmion and the requirements for its
stability. We found using a simple cubic lattice model for a ferromagnetic film that included
the nearest-neighbor exchange, a stabilizing field directed along the negative z -axis, the
perpendicular magnetic anisotropy (PMA) directed along the z -axis and the dipole-dipole
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interaction (DDI), that the biskyrmion was stable within a range of parameters if the film was
sufficiently thick enough. Furthermore, the biskyrmion was close to the Belavin-Polyakov
(BP) pure exchange shape if it was small, which occured at stronger applied fields, and
transformed into a biskyrmion bubble at weaker applied fields.

3.2.1

Biskyrmions in the 2D Exchange Model

The methodology to determine the spin components of the biskyrmion in the pure exchange
(BP) model is nearly identical to what is discussed in Section 3.1. Recall from the previous
section that the pole of the ω function corresponded to the center of the skyrmion. Therefore,
to introduce an effective separation between two skyrmions, the ω function must be a sum
of two first order poles [141]:

ω=

leiγ2
leiγ1
+
.
z ∗ − d/2 z ∗ + d/2

(3.41)

The above corresponds to the spin profile with the topological charge Q = 2 with a size
related to the parameter l. This spin profile will have two ”centers” where the spins point
up, sz = 1, separated by a distance d. This will visually appear as a pair of Q = 1
skyrmions with chiralities γ1 and γ2 , respectively. The biskyrmion is a bound state of two
Q = 1 skyrmions of the opposite chiralities, so one can take γ ≡ γ1 = γ2 − π to obtain the
biskyrmion ω-function [141]:
ω=

ldeiγ
.
z ∗2 − (d/2)2

(3.42)

Note that the original paper [137] used a slightly different formalism that yields the same
answer. We feel that the current presentation, first introduced in [150] is better.
Using the transformations, Eq. (3.10) and Eq. (3.12), one obtains for the spin components
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[137]:
2λ2 ((x2 − y 2 − d2 /4) cos γ − 2xy sin γ)
,
λ4 + (x2 + y 2 − d2 /4)2 + d2 y 2
2λ2 (2xy cos γ + (x2 − y 2 − d2 /4) sin γ)
=
,
λ4 + (x2 + y 2 − d2 /4)2 + d2 y 2
λ4 − (x2 + y 2 − d2 /4)2 − d2 y 2
=
.
λ4 + (x2 + y 2 − d2 /4)2 + d2 y 2

sx =
sy
sz

(3.43)

The substitution λ2 → ld made at the last step denotes the biskyrmion size. The spin field
for the lattice model is plotted in Fig. 3.2. For large separations d  λ between the two
centers, the BP biskyrmion will become a superposition of two Q = 1 skyrmions that each
have a characteristic size λ̃ = λ2 /d = l. In other words, for large separations, the original
parameter l denotes the size of one of the skyrmions. One can insert these spin components
into the expression for the exchange energy Eq. (3.5) to verify that it has Eex = 8πJ, i.e. the
minimum energy for the homotopy class Q = 2. Note that the BP biskyrmion energy, like
the BP skyrmion energy, is scale-invariant for the pure exchange model. The scale invariance
is broken with the inclusion of other interactions, so that Ebiskyrmion = E(λ, d).
Magnetic Moment of the Biskyrmion
Using these spin components, one can compute the magnetic moment as we did in [137],
shown here, for the rigid biskyrmion shape in the pure exchange model. In the continuous
limit, this can be computed as:
1
Sz = 2
a

Z

d2 ρ (sz + 1),

(3.44)
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Figure 3.2: Computer generated image of a Bloch-type biskyrmion. Reprinted Fig. 1 with
permission from D. Capic, D. A. Garanin and E. M. Chudnovsky, Stability of biskyrmions
in centrosymmetric magnetic films, Phys. Rev. B 100, 014432-2, (2019). Copyright (2019)
by the American Physical Society.
DOI: https://doi.org/10.1103/PhysRevB.100.014432.
where a is the lattice constant and the contribution from the uniform spin-down background
is subtracted. Making the substitutions [137] :

u→

ρ2
,
λ2

p→

d2
,
4λ2

(3.45)

one obtains [137]:
λ2
Sz = 2
a

Z

∞

0

2π

Z

u2

0

+

p2

dudφ
.
− 2up cos(2φ) + 1

(3.46)

The integration over the polar angle gives [137]:
λ2
Sz = 2π 2
a

Z
0

∞

du
p
.
(u2 − p2 + 1)2 + 4p2

(3.47)
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This integral has the asymptotic behavior [137]:

 2
 2 
d=0
λ π ,
Sz =
a 

16π(λ/d)2 ln(d/λ), d  λ

(3.48)

For the second case, note that this is the regime where the effective size of one of the
skyrmions is λ̃ = λ2 /d, so one obtains [137]:

Sz = 8π

λ̃
a

!2


ln

1.05d
λ̃


.

(3.49)

The factor greater than unity in the logarithmic term was computed numerically. This result
indicates that the magnetic moment of the biskyrmion is the same as a skyrmion within an
order of magnitude, [142]. As we found that the equilibrium size of the biskyrmion occurs
when λ ∼ d, this means that the magnetic moment will be proportional to the biskyrmion
area.

Spin Components when d = 0 for Arbitrary Q
Using the general form of the ω-function first introduced in Section 3.1, the spin components
of an arbitrary topological charge skyrmion, Q > 0 or antiskyrmion, Q < 0 can be obtained
from [150]:

ω=

λ
z∗

Q

iγ

e ;

 |Q|
λ
ω=
eiγ .
z

(3.50)

Here λ is a real parameter related to the size of the topological object and γ is a phase that
will be associated with the chirality. Note that this corresponds to the separation d = 0
between the regions where the spins point up. In other words, there is a common center.
Therefore, the spin components written in terms of the polar variables ρ and φ have the
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simple form [137]:
2λ|Q| ρ|Q| cos(γ + Qφ)
,
λ2|Q| + ρ2|Q|
2λ|Q| ρ|Q| sin(γ + Qφ)
=
,
λ2|Q| + ρ2|Q|
λ2|Q| − ρ2|Q|
=
,
λ2|Q| + ρ2|Q|

sx =
sy
sz

(3.51)

which will be valid for any integer Q.
The expression for the continuous exchange energy, first derived in Section 3.1, involves
the expansion of the discrete Heisenberg Hamiltonian to lowest order for the nearest-neighbor
interaction on the square lattice. If one keeps the next higher-order term, this yields a
correction to the exchange energy of the form [131] :

Elat

Ja2
=−
24

Z

d2 ρ

"

∂ 2s
∂x2

2


+

∂ 2s
∂y 2

2 #
.

(3.52)

This term is attributed to the discreteness of the lattice. Using the expression from Eq.
(3.51), one obtains the expression for the lattice discreteness energy for arbitrary Q [137]:

Elat

π 2 J Q2 − 1  a 2
=−
.
3 sin(π/|Q|) λ

(3.53)

Therefore, the discreteness of the lattice will promote the collapse of skyrmions of arbitrary
topological charge Q with a term that goes as Elat ∝ −a2 /λ2 .
Effective Size of the Biskyrmion
One can use the general form of the spin components from Eq. (3.51) to derive an expression
for the skyrmion size for arbitrary Q as we did in [137]. To begin, note that the magnetic
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moment for |Q| ≥ 2 using this expression can be computed as [137] :
Z
Sz ≡ I1 = 2π

ρdρ (sz + 1) =

2π 2 λ2
.
|Q| sin(π/|Q|)

(3.54)

One can compute the integral In for the arbitrary power n, defined as:
Z
In = 2π

ρdρ (sz + 1)n .

(3.55)

The skyrmion size can be extracted numerically by computing this integral. Then, if the
corresponding skyrmion size λn is close to its value obtained from different integrals In , the
skyrmion is close to the BP shape, as the biskyrmion profile yields an identity In for any n.

3.2.2

Numerical Method

We studied a lattice model for a ferromagnetic film of finite thickness in [137]. The numerical
method from that paper [137] will be discussed in the rest of this subsection. For the spins
located at the lattice sites i, j, the Hamiltonian has the form:

H = −J

X
hi<ji

si · sj − H

X
i

siz −

DX 2
ED X
siz −
Φij,αβ siα sjβ .
2 i
2 ij

(3.56)

The normalized spins satisfy s2 = 1 so that the dimensionality of the atomic spin S is
absorbed into the energy constants. The Heisenberg exchange J → JS 2 is computed for
nearest-neighbors on the cubic lattice. The stabilizing field H → gµB SH is applied along
the negative z -direction. The constant D → DS 2 is the easy-axis perpendicular magnetic
anisotropy (PMA) constant (directed along the z -axis). Finally, ED = µ0 M02 a3 /(4π) characterizes
the strength of the dipole-dipole interaction (DDI), where the magnetization is M0 =

CHAPTER 3. SKYRMIONS AND BISKYRMIONS IN THE BP MODEL

76

gµB S/a3 , and the function Φ is defined as:
Φij,αβ = a3

2
3rij,α rij,β − δαβ rij
.
5
rij

(3.57)

Here, rij = ri − rj is the displacement vector between lattice sites with lattice spacing a and
α, β = x, y, z are the Cartesian components.
The DDI used in [137] for the computations is an effective two-dimensional model that
comes from the assumption that the magnetization inside the film is constant along the
direction perpendicular to the film. Therefore, we assume that the spin field does not
depend on z. The effective DDI scales with the number of atomic layers Nz and is computed
between the columns of parallel spins. At larger distances, aNz < r, the DDI goes like
1/r3 , recovering the expression for the interaction of magnetic dipoles. At smaller distances
aNz > r, it goes like 1/r which corresponds to the interaction between magnetic monopoles
at the film surface.
The factor β = D/(4πED ) used in [137] characterizes the strength of the ratio of the
PMA to the DDI. For β > 1, the PMA is stronger than the DDI, so that it is energetically
preferable for the spins to point along the easy axis in the z -direction out of the plane. For
the converse case β < 1 when the DDI is stronger than the PMA, it is energetically preferable
for the spins to lie in the plane. In most materials the two effects compensate each other, so
that β ∼ 1.
We studied the interaction in [137] of up to 1000 × 1000 × 100 spins on a cubic lattice. In
the numerical computations, the lattice and exchange constants were normalized, a = J = 1.
The numerical minimization of the energy used throughout our works was first defined in
[130] and formulated by Garanin et al. The numerical routine to minimize the energy
involves the alignment of the individual spins si along the direction of the local effective field
Heff,i = −∂H/∂si with the probability α, which are operations that reduce the energy. There
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are also spin flips that conserve the energy, in a process called overrelaxation, where all spins
2
− si , that occur with the
are flipped about the effective field, si → 2(si · Heff,i )Heff,i /Heff,i

probability 1 − α, which allow the system to explore the phase space. The parameter α plays
the role of the effective relaxation constant. This routine to compute the energy minimum
is faster when exploring a system with many local minima, as it combines the search for the
local minimum where the spins align with the effective field, with the search for the maximal
entropy where the spins overrelax by flipping and conserve the energy. We use the value
α = 0.03 throughout our works, except in Chapter 5, where α = 0.01.

3.2.3

Results

The numerical resuts from [137] are discussed in the rest of this subsection. In the pure
exchange case, the biskyrmion will have the BP shape with energy Eex = 8πJ.

The

introduction of additional interactions breaks the scale invariance so that the biskyrmion
energy will be a function of its size λ and the separation between the centers d. The energy
landscape can be explored by assuming the rigid BP shape and numerically computing the
energy of the spin profile on the lattice with all of the interactions in the Hamiltonian, Eq.
(3.56) present. As mentioned, it is reasonable to assume the BP shape when the exchange
energy is much larger than the other interactions and when the biskyrmion is small compared
p
to the domain wall width δ = a J/|H|. It was found that energy minima exist within a
range of λ and d for fixed β, where the stabilizing field H was the control parameter. These
minima always give a biskyrmion with d 6= 0. For the case β ∼ 1, it is found that the
equilibrium size of the biskyrmion was of the order of the separation, λ ∼ d.
After these preliminary findings, in [137] we started with the initial state as the spin
configuration given by the analytical spin components from Eq. (3.43), and let the biskyrmion
relax to the minimum energy configuration in accordance with the aforementioned numerical
routine. In one instance, we observed that for the case β = 1, Nz = 100 at fixed PMA
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D/J = 0.001, the biskyrmion was stable over a narrow range of applied fields |H|/J ∼ 10−4 ,
with an equilibrium size λ ∼ d that was computed using the ideas outlined in Section 3.2.1.
We observed that stronger fields were needed for stable biskyrmions when the DDI was
stronger than the PMA, β < 1, and the equilibrium separation was larger than the β = 1
case. No stable biskyrmions existed when the PMA was stronger than the DDI, β > 1.
When the number of atomic layers was decreased to Nz = 10 or 20, stable biskyrmions only
existed for β = 1 within a narrower field range H. They collapsed for all field strengths for
the monolayer case, regardless of the value of β.
For all cases in [137], we observed that the biskyrmion shrank with the increasing strength
of the applied field. For these instances when the biskyrmion was small, it was closest to
the BP shape. This was quantified by comparing the numerical exchange energy Eex to
the analytical exchange energy 8πJ. On the contrary, the biskyrmion expanded as the field
strength decreased. For a weak enough field, there was a transition from a biskyrmion to a
thin wall biskyrmion bubble where the exchange energy deviated strongly from 8πJ. The
biskyrmion bubble eventually expanded into a laminar domain for weak enough fields. In
all cases, the equilibrium configuration corresponded to d 6= 0, i.e. the two skyrmion centers
were always a finite distance from each other.

3.2.4

Conclusion

Ultimately, we concluded in [137] that stable biskyrmions will exist within a narrow range
of β ∼ 1 for centrosymmetric ferromagnetic films of a sufficient thickness. In particular,
we observed no stable biskyrmions for the monolayer case. As the strength of the DDI
scales with the number of atomic layers, and stable biskyrmions only exist for β ∼ 1, we
concluded from a practical perspective that stable biskyrmions will not exist in nonchiral thin
films. On the contrary, they can be stable in thicker films where the larger number of atomic
layers will allow the long-range DDI to appropriately compensate for the shorter range PMA.
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Furthermore, biskyrmions have a magnetic moment that is similar to a skyrmion. Therefore,
they can be used like skyrmions for data storage and information processing. Additionally,
it seems theoretically possible to nucleate a biskyrmion using a special double magnetic force
microscope (MFM) tip, consisting of two magnetic tips near each other (see Chapter 5).
Other works on biskyrmions have appeared since our paper. Loudon et al. [147] suggested
that the images of biskyrmions found experimentally were really type-II bubbles (also called
hard bubbles). Yao et al. [148] expanded on this by pointing out that the structure of
the biskyrmion is in general similar to the magnetic hard bubble, which is composed of
both Bloch and Néel domain walls (see Section 1.2.3). Such a structure has zero chirality
like the biskyrmion, which itself can be considered as being made up of two skyrmions of
opposite chirality. However, this is consistent with our results, as we observed that at lower
fields, biskyrmions will tend to form biskyrmion bubbles. Göbel et al. [149] confirmed that
biskyrmions can be stabilized by the DDI as well. Additionally, they verified that the bound
state Q = 2 biskyrmion has a lower energy than the two Q = 1 skyrmions. Furthermore,
starting with the latter case, the two skyrmions will merge to form a biskyrmion to minimize
the energy.

Chapter 4
Biskyrmion Lattices
4.1

The Biskyrmion Lattice

In the previous chapter, it was shown that biskyrmions of topological charge Q = 2 could be
stabilized in centrosymmetric ferromagnetic films by the competition between the perpendicular
magnetic anisotropy (PMA) and the dipole-dipole interaction (DDI) in the presence of an
external field directed perpendicular to the film surface. On the contrary, biskyrmion lattices
observed experimentally in a centrosymmetric film by Yu et al. [144] were stable even in the
absence of the external field (see also [146]). In [150], discussed in the rest of this chapter, we
studied biskyrmion lattices in centrosymmetric films analytically and numerically to see the
minimum energy configurations for such a system. The spin profile for the biskyrmion lattice
can be found using the ω-function formalism of the previous chapter. The biskyrmion lattice
with separation d = 0 between the two centers of each biskyrmion corresponds to taking the
ω-function as the Weierstrass-℘ function, and the biskyrmion lattice with separation d 6= 0
corresponds to taking the ω-function as the difference of Weierstrass-ζ functions. Ultimately,
we found that biskyrmion bubble lattices can exist as the minimum energy state for zero
external field for the system with the PMA and DDI. Biskyrmion lattices are metastable at
80
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lower PMA strengths and evolve into triangular bubble biskyrmion lattices containing Bloch
lines at higher PMA strengths. The latter is a stable state because it has lower energy than
the uniform ferromagnetic state.

4.1.1

Weierstrass-℘ function

Recall from the previous chapter that the nearest-neighbor exchange energy in the continuous
limit for the two-dimensional model, with exchange constant J and three-component unit
 2
R
∂s
. The extremal configurations correspond
length spin vector s, is simply Eex = J2 d2 ρ ∂r
i
to different homotopy classes that are characterized by an integer, called the topological
charge. Recall from Section 3.1 that one can find these configurations by defining the complex
function ω in terms of the spin components (reprinted here for convenience) [150]:

ω(z, z ∗ ) =

where z = x + iy, z ∗ = x − iy and i =

sx + isy
,
1 − sz

(4.1)

√
−1. Refer to Section 3.1 to see how the sign of the

spins at infinity alters the definition. Then, as was also seen in Section 3.1, any ω-function
that satisfies the Cauchy-Riemann equations ∂ω/∂x = ±i∂ω/∂y will give spin components
that correspond to the minimum energy spin configuration with associated topological charge
Q.
The number of poles of the complex ω-function corresponds to the topological charge.
For instance, ω =

λ iγ
e
z∗

is a Q = 1 skyrmion located at the origin where the spins point up

out of the plane in the center and down far away. It follows that if ω contains a second-order
pole, then ω = ( zλ∗ )2 eiγ would correspond to a biskyrmion solution where Q = 2, also located
at the origin, as already shown in [137]. In principle, this can be extended to arbitrary
Q = n.
From the original Belavin-Polyakov paper [10], the topological charge can also be interpreted
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as the number of unique solutions that exist that express z = x + iy (or z ∗ ) in terms of the
complex function ω, i.e. the number of solutions z ∗ ≡ z ∗ (ω). Hence, the function [150]:

ω=

λ
z ∗ − z0∗

n

eiγ

(4.2)

is an object of topological charge Q = n characterized by a size λ and orientation of the
in-plane components, also called the chirality γ that is centered at z0∗ . It can be interpreted
as such since z ∗ (ω) ∝

λ
ω 1/n

will have n solutions.

Recall from Section 3.2.1 that a biskyrmion that looks like a pair of skyrmions of the
opposite chirality has the ω-function ω =

λ2 eiγ
,
z ∗2

i.e. the n = 2 case for Eq. (4.2). Now

suppose one considers the case n = 4 in Eq. (4.2). Clearly, ω = ( zλ∗ )4 eiγ will have topological
charge Q = 4. However, the solution ω =

λ2 eiγ
z ∗2

+

λ2 eiγ
.
(z ∗ −a0 )2

will also have topological charge

Q = 4 because there are four ways to express z ∗ as a function of ω. The distinction is that
whereas the first n = 4 function is a fourth-order pole, and its spin field will be a Q = 4
object centered at the origin, the second solution is a sum of two second-order poles and
will consist of two biskyrmions, each with topological charge Q = 2, separated by a distance
a0 . For now, only the case d = 0 that would be the biskyrmion with no visible separation
between the two skyrmions comprising the bound Q = 2 state is considered. In other words,
they share a center where the spins point up. The next subsection will study the case when
d 6= 0.
Therefore, one can produce a visible separation between distinct topological objects by
taking sums of poles as the ω-function, where each term has a unique pole, in principle of
arbitrary order. Then, the order of each pole will determine the topological charge of the
spin structure corresponding to that pole’s location on the lattice. It follows that if the
ω-function is the sum of second-order poles, each with a unique value, this will produce
the spin components of the biskyrmion lattice. Each biskyrmion that is a member of the
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biskyrmion lattice has its center located at its corresponding unique second-order pole.
This requires an ω-function that is a doubly periodic function that is analytic except
for the poles. This function exists, see for instance [153], and is called the Weierstrass-℘
function:

X 
1
1
1
.
℘(z ) = ∗2 +
−
∗ − 2mω − 2nω )2
2
z
(z
(2mω
1
2
1 + 2nω2 )
m,n6=0
∗

(4.3)

Note that it has the argument ℘ ≡ ℘(z ∗ ) due to considerations already discussed in Section
3.1. From those same considerations, ℘ ≡ ℘(z) can be taken as the ω-function that will
produce the spin components for the antibiskyrmion lattice where each antibiskyrmion has
topological charge Q = −2. The ℘-function is an elliptic function, which means it will satisfy
the Cauchy Riemann condition except at poles; this is referred to as a meromorphic function
in complex analysis [154]. Furthermore, it is defined in terms of its periods ω1 and ω2 that
span the lattice L = 2mω1 + 2nω2 for the integers m, n [155]. Hence, it will be a doubly
periodic function that satisfies the condition:

℘(z ∗ ) = ℘(z ∗ + 2mω1 ) = ℘(z ∗ + 2nω2 ),

(4.4)

where the second-order poles occur at the periods 2mω1 + 2nω2 .
Furthermore, there is a theorem of complex analysis that the periods of a doubly periodic
function must satisfy, see for instance [156]:



ω2
6 0.
=
Im
ω1

(4.5)

Consequently, the biskyrmion lattice contains at least one complex period as one of its
arguments. Suppose then that one want to construct a triangular biskyrmion lattice. This
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means one must take as the periods [150]:
a0
ω1 = ;
2

√
−1 + i 3 0
ω2 =
a,
4

(4.6)

where a0 is the biskyrmion lattice spacing. These are just the lattice vectors of a triangular
lattice. In this case, the real parts of ω1 and ω2 are associated with êx and the imaginary
part of ω2 with êy .
Combining these ideas, the final form of the triangular biskyrmion lattice ω-function is
[150]:
ω(z ∗ ) = ℘(z ∗ )eiγ λ2 ,

(4.7)

with the periods of Eq. (4.6). From Eq. (4.2), the size of each biskyrmion will be given
by the parameter λ and the overall phase factor γ is the chirality of any single biskyrmion
on the lattice, see Fig. 4.1. The center of each biskyrmion will be located at each period
√
ma0 ex + na0 (−ex + ey 3)/2. Furthermore, since ω in Eq. (4.7) satisfies the Cauchy Riemann
equations, the corresponding spin components are the minimum energy spin configuration
with Eex = 4πJ|Q|.

4.1.2

Weierstrass-ζ function

From Section 3.2.1, and Eq. (4.2), the solution ω =


λ 2 iγ
e
z∗

corresponds to a biskyrmion

that visually looks like a pair of skyrmions of opposite chirality. This solution is said to
have a separation d = 0 between the skyrmions comprising the bound state, i.e. they
share a center. One can introduce a non-zero separation d, that will appear visually as the
separation between the two skyrmions comprising the bound state Q = 2 biskyrmion, by
including the Weierstrass-ζ function in the ω-function. The Weierstrass-ζ function is related
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Figure 4.1: Néel and Bloch biskyrmion lattices, respectively.
The first panel
appeared in D. Capic, D. A. Garanin and E. M. Chudnovsky, Biskyrmion lattices
in centrosymmetric magnetic films, Phys. Rev. Research 1, 033011 (2019). DOI:
https://doi.org/10.1103/PhysRevResearch.1.033011 and is reprinted under the Creative
Commons Attribution 4.0 International license.
to the Weierstrass-℘ function as:

℘(z ∗ ) = −

dζ(z ∗ )
.
dz ∗

(4.8)

Explicitly, this function can be written as:

X 
1
1
1
z∗
ζ(z ) = ∗ +
+
+
,
z
z ∗ − 2mω1 − 2nω2 2mω1 + 2nω2 (2mω1 + 2nω2 )2
n,m6=0
∗

(4.9)

where ω1 and ω2 still refer to the periods.
Since the Weierstrass-ζ function is a sum of first-order poles, it would seem that if it
was taken as the ω-function, the corresponding spin field would be a skyrmion lattice where
each skyrmion center was located at each pole in the sum. However, while the Weierstrass-ζ
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function is also an elliptic function, it is not truly doubly periodic, see for instance [157], i.e.
it doesn’t satisfy the periodicity condition from Eq. (4.4). A theorem of complex analysis
states that any doubly periodic (non-constant) function with isolated poles must have at
least second-order poles (see for instance [158]). As a result, if the Weierstrass-ζ function is
taken as the ω-function, when one plots the spin field, one will see an accumulation of spins
pointing upwards in between the skyrmions.
Hence, it seems that no complex function exists that will reproduce a skyrmion lattice if
taken as the ω-function. However, the quasiperiodicity of the Weierstrass-ζ function can be
fixed using the method pointed out by Tkachenko [159]. Using the results of the calculation
done explicitly by Hill et al. [160], the ω-function of the triangular skyrmion lattice can be
written as:


2π
∗
z λeiγ .
ω = ζ(z ) − √
02
3a

(4.10)

Here, the ζ-function has the lattice periods of Eq. (4.6).
If the ω-function is taken as the difference of two Weierstrass-ζ functions, it can produce a
biskyrmion lattice with separation d between individual biskyrmions. This can be seen using
the definition. Suppose one takes the difference of two ζ-functions with the same periods
and shifts the arguments so that ζ(x − d2 − iy) − ζ(x + d2 − iy). Inserting this into Eq. (4.9),
one obtains:
d
d
d
(4.11)
ζ(x − − iy) − ζ(x + − iy) =
d
2
2
(x − 2 − iy)(x + d2 − iy)
"
#
X
d
d
+
−
.
d
d
2
(2mω
(x
−
−
iy
−
2mω
−
2nω
)(x
+
−
iy
−
2mω
−
2nω
)
1 + 2nω2 )
1
2
1
2
2
2
m,n6=0
The right hand side is precisely the Weierstrass ℘ function with each first-order pole in the
product shifted so that there is a separation d between the skyrmions with centers located
at 2mω1 + 2nω2 ±

d
2

that comprise the biskyrmion bound state. In light of this, one can
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construct a triangular biskyrmion lattice with separation d between each skyrmion making up
an individual biskyrmion in the lattice using the periods from Eq. (4.6) with the ω-function
of the form [150]:

d iη
d iη λ2 iγ
∗
ω = ζ(z − e ) − ζ(z + e )
e .
2
2
d


∗

(4.12)

The additional term 1/d in the prefactor comes from the factor d introduced in Eq. (4.11).
The associated spin configuration will consist of biskyrmions that visually will look like a
pair of skyrmions of size λ of opposite chirality γ with the separation d between their centers
where the spins point up. Each biskyrmion is separated by the lattice separation a0 , taken
with respect to the center of the biskyrmion, see Fig. 4.2. The separation between the
skyrmions comprising each biskyrmion is along the x -axis when η = 0 or along the y-axis
when η = π/2.

Figure 4.2: Néel and Bloch biskyrmion lattices with separation d, respectively. Here, η = 0 in
Eq. (4.12). Note that similar images with η = π/2 first appeared in [150]. Each biskyrmion
appears as a pair of skyrmions of opposite chirality with separation d between the centers
where the spins point up. Each biskyrmion is separated by the biskyrmion lattice spacing
a0 .

CHAPTER 4. BISKYRMION LATTICES

4.2

88

Numerical Results

In [150], the results of which are discussed in this section, we studied a lattice model for a
ferromagnetic film of finite thickness. The Hamiltonian, which is the same as the previous
chapter, is reprinted here for convenience:

H = −J

X
hi<ji

si · sj − H

X
i

siz −

ED X
DX 2
siz −
Φij,αβ siα sjβ ,
2 i
2 ij

(4.13)

where i, j denote the lattice sites. The normalized spins satisfy s2 = 1 so that the dimensionality
of the spins is absorbed into all energy constants as in Section 3.2.2. The Heisenberg
exchange is computed for nearest neighbors on the cubic lattice. The stabilizing field H
is applied along the negative z -direction. D denotes the uniaxial perpendicular magnetic
anisotropy (PMA) constant. Finally, ED is the strength of the dipole-dipole interaction
(DDI), while the function Φ is defined as Φij,αβ = a3

2
3rij,α rij,β −δαβ rij
5
rij

where rij = ri − rj is the

displacement vector between lattice sites and α, β = x, y, z are the Cartesian components.
The parameter β = D/(4πED ) is a unitless measure of the strength of the PMA relative to
the DDI. Note that for the centrosymmetric case that we study, there is no DzyaloshinskiiMoriya interaction because there is an inversion center. We use the effective 2D DDI model
introduced in [137] and described in Section 3.2.2. The biskyrmion lattice spin components
are extracted from the ω-functions of Eq. (4.7) and Eq. (4.12). This spin configuration
starts as the initial condition. We then compute the evolution towards the minimum energy
spin configuration for the system of up to 1000×1000×100 spins using the numerical routine
from [130] first described in Section 3.2.2 where the spins align with the effective field. The
lattice and exchange constants were set to unity, a = J = 1.
For each state in [150], the relevant quantities are the topological charge Q which is
computed using the discretized version of the definition (see Eq. (3.7) for instance), the
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total energy E, the exchange energy Eex , and the difference between the total energy E
and the energy of the uniform ferromagnetic state ∆E. The biskyrmion lattice is close
to the Belavin-Polyakov rigid pure exchange profile when the exchange energy is close to
4πJ|Q|. The biskyrmion lattice is energetically preferable compared to the uniform state
when ∆E < 0. We look for parameters at which the condition ∆E < 0 is satisfied and the
biskyrmion lattice is stable. One such state can be seen in Fig. 4.3.

Figure 4.3: Biskyrmion bubble lattice configuration where the energy is lower than the
uniform state. Note that this first appeared in D. Capic, D. A. Garanin and E. M.
Chudnovsky, Biskyrmion lattices in centrosymmetric magnetic films, Phys. Rev. Research
1, 033011 (2019). DOI: https://doi.org/10.1103/PhysRevResearch.1.033011 and is reprinted
under the Creative Commons Attribution 4.0 International license.
We focused in [150] on studying the energy of the states where there is no external field,
H = 0, motivated by the experimental observations of Yu et al. [144]. This was done for
the case when the PMA balanced the DDI, β = 1. We observed that the final state does
not depend on the initial separation d between the two skyrmions in each biskyrmion bound
state. However, the final state did depend on the biskyrmion lattice spacing a0 because it set
the initial topological charge. We observed that the topological charge is roughly conserved,
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as it could decrease slightly due to the free boundary conditions utilized in the numerical
computations. Consequently, the biskyrmion lattice spacing constrains the minimum energy
of the system by respecting the topological charge.
First for a weaker uniaxial anisotropy constant, D/J = 0.001, in [150], we found that
the final state has ∆E > 0, indicating that this is a metastable state that can only be
stabilized if the topological charge is conserved. However, when the strength of the PMA is
increased to D/J = 0.03, ∆E < 0. Additionally, the biskyrmion lattice will evolve into a
lattice of biskyrmion bubbles (see also Section 1.2.3). This seems to be consistent with the
objections of Loudon et al [147], who pointed out that the observations of Yu et al. [144], of
a biskyrmion lattice in zero external field were most likely type-II (also called hard) bubbles
consisting of Bloch lines. The numerical findings seem to indicate that the observations of
Yu et al. were most likely a biskyrmion bubble lattice, as this is a stable state.
These bubbles will preserve the triangular lattice spacing of the initial state and consist
of a pair of Bloch lines so that each pair has Q = 2. Bloch lines, as an aside, are linear,
topologically non-trivial defects formed by the intersection of two domain walls and were
first experimentally observed by Huber et al [152]. This seems consistent with a similar
work [151] that showed that other non-trivial topological defects can emerge with increasing
magnetic field in centrosymmetric films. They will have Q > 1 due to the Bloch lines that
are contained within the domain walls. The energy will continue to lower as the biskyrmion
lattice period is increased, leading to bigger biskyrmion bubbles in the final state; there will
just be less of them as a0 increases.

4.3

Conclusion

From the formalism first introduced by Belavin and Polyakov for the model with the nearestneighbor exchange interaction for the three-component, two-dimensional spin field, we were
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able to determine the complex function ω which will produce the spin components of the
biskyrmion lattice. Then, beginning with the biskyrmion lattice spin field as the initial
state, in [150] we studied the minimum energy configurations for a lattice model containing
all relevant interactions. We found that in the absence of an external field, the biskyrmion
bubble lattice has lower energy than the uniform ferromagnetic state when the PMA is
sufficiently strong for a film with more than one atomic layer.
However, the biskyrmion bubble lattice is not necessarily the ground state; the quantity
∆E < 0 from [150] is taken with respect to the uniform state. In principle, any magnet that
exhibits hysteresis can have infinite local energy minima. Therefore, comparing the energy
E of the biskyrmion lattice to all of these minima is not possible. However, we are able
to conclude that it is possible for a stable biskyrmion lattice to exist in a centrosymmetric
ferromagnetic film of finite thickness. It will likely consist of biskyrmion bubbles that have a
size much larger than the domain wall thickness. We also verified that these bubbles contain
Bloch lines and will tend to form a triangular lattice that roughly conserves the topological
charge.

Chapter 5
Skyrmions and MFMs
Skyrmions have been proposed for a number of computing applications, including as logical
bits, see Section 2.4. Consequently, it is important to see how isolated skyrmions can be
created. Typically, isolated skyrmions are nucleated using the spin-transfer torque (STT),
but other methods are possible. Senfu Zhang et al. [129] showed experimentally that
skyrmions could be nucleated from the domain state using a magnetic force microscope
(MFM) tip. Motivated by this, in [128], discussed in this chapter, we showed that it is
theoretically possible to nucleate a skyrmion from the uniform ferromagnetic state using a
MFM tip. We demonstrated this using a combined analytical and numerical approach for a
lattice model. The nucleation primarily involves the competition between the tip field and a
stabilizing field applied perpendicular to the film. When the tip field is strong enough, the
system deviates from the uniform state in a manner that preserves the topological charge. At
higher tip fields, the topological charge is violated and a skyrmion is created. Furthermore,
the Dzyaloshinskii-Moriya interaction (DMI), see Section 2.1, which is crucial in stabilizing
skyrmions, does not play a major role in their nucleation via the MFM.
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Skyrmion Nucleation

Skyrmions have many potential applications as topologically protected storage devices. Therefore,
it is important to determine the mechanisms surrounding their stabilization and nucleation,
which are discussed in some detail in Chapter 2. Typically, the stabilization mechanism
involves the DMI, as well as an external field directed perpendicular to the film surface. The
DMI also stabilizes skyrmion via confinement in restricted geometries [82], [83], including at
room temperature [121]. Additional factors such as the uniaxial anisotropy [120], [61], [122],
[119], [126] and dipole-dipole interaction [123] play important and even primary roles in the
stabilization of skyrmions. Skyrmion stability can be enhanced by the long-range frustrated
exchange, a mechanism that is typically found in itinerant electron magnets [124], [125],
[127].
The primary method of skyrmion nucleation and manipulation involves current-induced
spin-transfer torques from a spin-polarized current, which was shown to be theoretically
possible by Sampaio et al. [86]. This method of skyrmion nucleation works even at room
temperatures [133], [134]. Romming et al. [135] showed that it is experimentally feasible to
nucleate a skyrmion by locally injecting a spin-polarized current using a probe in an ultrathin
film. Skyrmions can also be theoretically nucleated at a notch where the topological charge
is not conserved at the boundary [82], [88]. It was found experimentally that skyrmions
can be created from constricted geometries by pushing domains through a junction with an
in-plane current [90]. Finally, skyrmions can be nucleated by laser-induced heat pulses [136].
There are other ways, however, to create a skyrmion. One method involves a magnetic
force microscope (MFM) magnetic tip. It has already been shown by Senfu Zhang et al. [129]
that local scanning by a MFM can cause magnetic domain walls to form into a skyrmion
lattice that is stable even at room temperature. This was shown experimentally in a thin
film for a range of applied fields. Therefore, they were able to deduce that the nucleation of
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skyrmions depended on the interplay between the strength of the applied field to that of the
MFM tip field strength.
In [128], discussed in the rest of this chapter, we studied the skyrmion nucleation from the
uniform ferromagnetic state using a MFM, in contrast to [129]. We studied this numerically
and analytically starting with the minimal model lattice Hamiltonian including the exchange
energy and the Zeeman energy due to an external field and the MFM, the latter of which was
modeled as a magnetic dipole. Ultimately, we determined that it was possible to nucleate
a skyrmion from the ferromagnetic state. However, our estimates indicate that the MFM
that is required to do this is larger than is typically used in such experiments (of the order
of approximately 30 nm). The nucleation process involves the formation of a skyrmionantiskyrmion state which conserves the topological charge Q = 0 of the uniform state.
However, due to the discreteness of the lattice, this conservation of charge can be violated,
which we saw in the form of the collapse of the antiskyrmion. When we considered a chiral
film with the DMI, we observed that the DMI enters the nucleation process as a higher-order
effect.

5.2

Nucleation via MFM: The Model

The numerical methods of [128] are discussed in this section. The numerical lattice model
included the exchange and Zeeman interactions for the system on a square lattice with lattice
spacing a. We considered a ferromagnetic film that is sufficiently thin enough that the system
is effectively two-dimensional, with the corresponding Hamiltonian of the form [128]:

H=−

X
1X
Jij si · sj −
si · (B0 + Bd ) .
2 ij
i

(5.1)
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In the work, we assumed that the exchange interaction is ferromagnetic, J > 0, and only
between nearest-neighbors. Furthermore, we assume that the exchange constant is the same
for all pairs, so that Jij ≡ J. The spins with constraint s2 (x, y) = 1 are given by the
normalized three-component, two-dimensional spin vector with S being the magnitude of
P
the total spin vector S =
i s. The dimensionality of the spins has been absorbed into
the exchange constant as JS 2 → J. The magnetic field B0 = gµB Sb0 is applied along the
negative z -direction perpendicular to the film so that the uniform state is spin down. The
magnetic field of the tip is given as Bd = gµB Sbd , so that the second and third terms are
the corresponding Zeeman energies per spin S of the unit cell of the film with gyromagnetic
factor g.
The MFM field is modeled as a magnetic dipole with a point magnetic moment m = mez .
p
It is held at a height h below the film in the center of the lattice ρ = x2 + y 2 = 0, see the
schematic from Fig. 5.1. In Cartesian components, the tip field has the form [128]:
µ0
3hx
,
2
4π (ρ + h2 )5/2
µ0
3hy
=
,
2
4π (ρ + h2 )5/2
µ0 2h2 − ρ2
.
=
4π (ρ2 + h2 )5/2

bdx =
bdy
bdz

(5.2)

Directly above the dipole at the position (0, 0, h) the field has the strength [128]:

bh =

µ0 m
;
2πh3

Bh =

gSµ0 µB m
.
2πh3

(5.3)

The latter expression is used in the numerical and analytical calculations to define the
dimensionless parameter Bh /J.
In [128], we studied the numerical minimization of the total energy of the interacting
spins on the square lattice up to size 500 × 500 spins using the numerical routine involving
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Figure 5.1: Schematic of the nucleation process. The MFM is modeled as a magnetic dipole
held at a height h below the film. The stabilizing field is applied in the negative z -direction
so that the spins far away point downwards. Reprinted from D. A. Garanin, D. Capic, S.
Zhang, X. Zhang, and E. M. Chudnovsky, Writing skyrmions with a magnetic dipole, Journal
of Applied Physics 124, 113901 (2018). with the permission of AIP Publishing.
the alignment of the spins with the effective field Heff,i = −δH/δsi first defined in [130]
and described in Section 3.2.2. The exchange and lattice constants were set to unity. The
topological charge was computed using the discretized form of:
1
Q=
4π

Z

d2 ρ s ·

∂s
∂s
×
,
∂x ∂y

(5.4)

where the skyrmions have Q = 1 and antiskyrmions are Q = −1. One can compute the
skyrmion size using the discretized formula introduced in [132]:

λ2n =

n−1 2X
a
(siz + 1)n .
2n π
i

(5.5)

The rigid pure-exchange Belavin-Polyakov shape gives λn = λ for any n. For our works, we
take n = 4 to compute the effective size of the skyrmion whose spins at the center point
upwards, sz = 1 and far away point downwards, sz = −1.
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Numerical Results

The numerical results from [128] using the model described in the previous section are
discussed in this section. The MFM tip field was taken to be at a fixed height h in the
center of the lattice. Its z -component opposed the stabilizing field directed in the opposite
direction so that the spins far away from the MFM pointed nearly downward, i.e. sz ≈ −1.
The tip field Bh was increased in small steps and the corresponding minimum energy was
calculated using the aforementioned numerical method. For each step, the maximum value
of the z -component of the spins was monitored. The critical tip field for which an instability
developed in the ferromagnetic, spin-down state, i.e. sz,max > 0 was recorded as Bh1 . This
field can be computed analytically, see Section 5.4. The strength of the tip field required
to make the spins directly above the MFM positive, i.e. sz,center > 0 was recorded as Bh,2 .
Finally, the strength of the field that produced the skyrmion state, marking the topological
transition from Q = 0 to Q = 1, was recorded as Bh,Q .
The nucleation of the skyrmion occurred in two separate processes, as we found in [128].
In the first process, at tip field strength Bh,1 , the instability developed near the tip field,
so that the spins deviated away from the ferromagnetic state directly above the tip, see
the first panel of Fig. 5.2, in other words, at the field Bh,1 = Bh,2 . This produced an
asymmetric skyrmion-antiskyrmion pair that conserved the topological charge of the uniform
state, Q = 0. As the tip field increased further, the antiskyrmion eventually collapsed, leaving
behind the skyrmion at the tip field strength Bh,Q . Thus, there is a topological transition
from Q = 0 to Q = 1 that produces a skyrmion with the cylindrical symmetry that mirrors
the components of the tip field, see the second panel of Fig. 5.2. Specifically, for this model
of the MFM, this is a Néel skyrmion of chirality γ = 0, see Section 3.1 and Fig. 3.1, as well
as the second panel of Fig. 5.3. This first process mainly occurred at smaller h when the
MFM was held closer to the film.
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Figure 5.2: Nucleation of the asymmetric skyrmion-antiskyrmion pair. The pair forms (see
first panel) at the critical tip field Bh1 = Bh2 when smax > 0. The antiskyrmion shrank
as the tip field strength increased (second panel), until it collapsed at the field strength
Bh,Q (pictured is the tip field just slightly smaller than this field). Reprinted from D. A.
Garanin, D. Capic, S. Zhang, X. Zhang, and E. M. Chudnovsky, Writing skyrmions with
a magnetic dipole, Journal of Applied Physics 124, 113901 (2018). with the permission of
AIP Publishing.
The second process we observed in [128] occurred when the tip was held at larger h below
the film. In this case, the deviations of the spins from the ferromagnetic state occurred at
the distance ρ ∼ h from the center of the lattice for the tip field strength Bh,1 . Above this
field, a symmetric skyrmion-antiskyrmion donut with sz,center = −1 formed, see the first
panel of Fig. 5.3. When the tip field strength was increased further, the outer radius of
the donut expanded, increasing at the expense of the inner radius which marks the size of
the antiskyrmion. At sufficiently strong field Bh,2 = Bh,Q , the antiskyrmion radius shrank
to zero, leaving behind the skyrmion of topological charge Q = 1 with the same cylindrical
symmetry of the first case, see the second panel of Fig. 5.3.
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Figure 5.3: Nucleation of the symmetric skyrmion-antiskyrmion pair. The pair forms (see
first panel) at the critical tip field Bh1 when smax > 0. The antiskyrmion radius shrank until
it collapsed at field Bh2 = BhQ , leaving behind the cylindrically symmetric skyrmion shown
in the second panel. Reprinted from D. A. Garanin, D. Capic, S. Zhang, X. Zhang, and E.
M. Chudnovsky, Writing skyrmions with a magnetic dipole, Journal of Applied Physics 124,
113901 (2018). with the permission of AIP Publishing.

5.3.1

Nucleation in Chiral Films

One can also include the DMI (refer to Sections 2.1 and 3.1.1), as we did in [128] to see how
it affects the skyrmion nucleation. This involves adding a term to the Hamiltonian from Eq.
(5.1) of the form [128]:

HDMI,Bloch = A

X

[(si × si+x̂ ) · êx + (si × si+ŷ ) · êy ] ;

i

HDMI,Néel = −A

X

[(si × si+x̂ ) · êy − (si × si+ŷ ) · êx ] ,

(5.6)

i

which is the discrete Hamiltonian for the DMI favoring Bloch and Néel-type modulations in
non-centrosymmetric crystals, respectively. A → AS 2 characterizes the strength of the DMI.
When the DMI is weak in comparison to the ferromagnetic exchange energy, i.e. A  J, the
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results are qualitatively unchanged and the nucleation process occurs in the way described
in Section 5.3 near the same critical tip field strengths. For larger DMI, the strength of the
tip field required to nucleate a skyrmion is seen to depend on the type of DMI and the sign
of the DMI constant A.
As already mentioned, the tip field favors the formation of skyrmions with the outward
radial orientation of the in-plane spin components, called Néel skyrmions of chirality γ = 0,
see also Section 3.1. Therefore, we found in [128] that the field strength Bh,Q needed to
nucleate this type of skyrmion favored by the tip is lower for the Néel DMI with A > 0
that supports them, and higher for the Néel DMI with A < 0 that opposes them and favors
inward Néel-type skyrmions with chirality γ = π. For the Bloch DMI, it is easier to induce
an instability than the pure exchange case, so Bh,1 is lower. However, it is more difficult to
nucleate the skyrmion, as the Bloch DMI favors circular Bloch-type skyrmions of chirality
γ = π/2 and γ = −π/2 for A > 0 and A < 0, respectively. Therefore, Bh,Q is much
larger when the Bloch DMI is included compared to the pure exchange model. Ultimately,
we observed that the DMI is not essential in the nucleation process and enters into the
instability considerations as a higher-order effect in the analytical theory.

5.4

Analytics - Trial Function Method

Analytical considerations using a continuous model can accurately predict the strength of the
field Bh,1 that is required to produce the instability in the ferromagnetic state, sz,max > 0.
However, they are insufficient to predict the field Bh,Q that accompanies the topological
transition from Q = 0 to Q = 1 that would be prohibited in the continuous limit but is
allowed for the discrete lattice model. At best, as shown by Cai et al. [131], the continuous
expansion of the exchange energy to higher order in the spin derivatives gives a contribution
to the skyrmion energy that goes as −1/λ2 , for the skyrmion size λ, which promotes the
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skyrmion collapse. This energy, see Eq. (3.52), is attributed to the discreteness of the lattice.
The analytical study of the instability involves an expansion about small deviations from
the uniform state. What follows is a more detailed discussion of what was presented in [128].
Due to the strong exchange interaction, the length of the three-component, two-dimensional
spin vector is conserved, i.e.
s2 (x, y) = 1.

(5.7)

The uniform ferromagnetic state is taken as being spin down, so sz = −1. Using the
constraint on the length of the spin vector from Eq. (5.7), small deviations from this state
sz ≈ −1 are, to second order [128]:
q

1 2
sx + s2y .
sz = − 1 − s2x − s2y ≈ −1 +
2

(5.8)

The instability in the uniform state arises from the competition between the stabilizing
field B0 = −B0 ez and the component of the tip field perpendicular to the film. Therefore,
consider only this component of the tip field when studying the instability so that:

Bd ≡

Bh h3 2h2 − ρ2
ez .
2 (ρ2 + h2 )5/2

(5.9)

p
x2 + y 2 . The continuous contributions to the energy are obtained by
R 2
P
1
replacing the sum with integration,
d ρ in the Hamiltonian from Eq. (5.1).
i → a2
Recall that ρ =

Substituting the expansion from Eq. (5.8), one obtains [128]:

Ed
Ez
Eex

Z
Z
Bh h3
2h2 − ρ2
Bh h3
2h2 − ρ2 1 2
2
2
= − 2
dρ 2
(s
+
1)
=
−
d
ρ
( (s + s2y ))
z
2a
(ρ + h2 )5/2
2a2
(ρ2 + h2 )5/2 2 x
Z
Z
1
1
Bo 2
2
= 2 d ρ Bo (sz + 1) = 2 d2 ρ
(s + s2y )
a
a
2 x
"

2
2 
2 
2 
2 #
Z
Z
∂s
∂s
∂s
∂s
∂s
α
x
x
y
y
= J d2 ρ
= J d2 ρ
+
+
+
,(5.10)
∂rβ
∂x
∂y
∂x
∂y
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where the energy due to the uniform background of negative spins is subtracted from the
Zeeman terms. In the exchange energy, higher-order terms have been dropped.
Without loss of generality, consider the case sy = 0 and propose that sx ≡ f (ρ), i.e. the
spins tilt in the x -direction, where f is a trial function. Assuming that the trial function is
related to the tip field, one can take this function to have the form [128]:
Ch2α
,
(h2 + ρ2 )α

f (ρ) =

(5.11)

where α is a real parameter that must be calculated to suitably minimize the energy, C is a
constant, and h is the tip height. Inserting the trial function, the Zeeman energy becomes
[128]:
πBo C 2 h4α
Ez =
a2

Z
0

∞

(h2

ρdρ
.
+ ρ2 )2α

(5.12)

To ensure that the integral converges, one must require α > 21 . This yields [128]:
Ez =

πBo C 2 h2 1
.
2a2 2α − 1

(5.13)

One can also compute the energy due to the tip [128]:

Ed

Z
πBh C 2 h4α+3 ∞
2h2 − ρ2
ρdρ 2
= −
2a2
(ρ + h2 )2α+5/2
0
4πBh C 2 h2
α
= −
.
2
a
(4α + 1)(4α + 3)

(5.14)

Finally, one can compute the exchange energy. Evaluating the derivatives and performing
the integration [128]:
Z

∞

Eex = 2πJ
0
2

=

4C 2 α2 h4α r2
ρdρ 2
(ρ + h2 )2α+2

2πJC α
.
2α + 1

(5.15)
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The instability will develop when the energy satisfies [128]:

Ez + Ed + Eex ≤ 0.

(5.16)

The instability threshold occurs when the energy is zero. One wants to find the value of α
that minimizes the total energy. Substituting the expressions for the energy:
πBo C 2 h2 1
4πBh C 2 h2
α
2πJC 2 α
−
+
≤ 0,
2a2 2α − 1
a2
(4α + 1)(4α + 3)
2α + 1

(5.17)

this can be rearranged to give the condition for the tip field strength Bh :


(4α + 1)(4α + 3) Ja2 α(2α − 1) Bo
Bh ≥
+
(2α + 1) .
2α(2α − 1)(2α + 1)
h2
4

(5.18)

It is convenient to re-write this in terms of dimensionless parameters as:
"
#
(4α
+
1)(4α
+
3)
B̃
o
B˜h ≥
α(2α − 1) +
(2α + 1) ,
2α(2α − 1)(2α + 1)
4

(5.19)

where [128]:
Bo
B̃o =
J

 2
 2
h
Bh h
˜
; Bh =
.
a
J
a

(5.20)

For the case when B̃o >> 1, then α >> 1, as they must be the same order according to
Eq. (5.19). This reduces Eq. (5.19) to:

B˜h ≥ 4α + B̃o

This has a minimum for α =

q

3B˜o
8



3
1+
2α


.

(5.21)

which corresponds to the instability threshold condition

[128]:
B˜h = B̃o + 2

q
6B̃o

(5.22)
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for the large stabilizing field limit. For the opposite case when B̃o << 1, then α ≈ 21 , so that
one can substitute α =

1
2

+ δ into Eq. (5.19) to obtain:

"
#
(4δ
+
3)(4δ
+
5)
B̃
o
B˜h ≥
δ(2δ + 1) +
(δ + 1) .
4δ(δ + 1)(2δ + 1)
2

(5.23)

If one keeps terms that are up to linear order in δ, the condition reduces to:
17δ 15 + B̃o 15B̃o
+
+
,
B˜h ≥
4
4
8δ
which has a minimum at δ =

q

15B˜o
,
34

(5.24)

giving as the threshold condition [128]:
s

B˜h =

255B̃o 15
+ ,
8
4

(5.25)

for small stabilizing field, where the term linear in B̃o was dropped in the above expression.
The expressions Eq. (5.22) and Eq. (5.25) can be combined to produce an approximate
expression for the whole range of B̃o , so that the instability threshold tip field is [128]:
s
B˜h =

3/2

255B̃o 15
B̃o
+
+ q
p .
√
8
4
( 255
−
2
6)
+
B̃o
8

(5.26)

The factor in the denominator of the last term was chosen so that Eq. (5.22) is recovered
in the high B̃o limit. This expression Eq. (5.26) was in good agreement with the numerical
findings for the field Bh,1 .

5.4.1

Including the DMI

Suppose one extends these considerations to include the energy due to the DMI. If the system
has the Bloch DMI, this favors the rotation of the spins in the polar direction with respect
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to the skyrmion center and skyrmions with chirality γ =

π
2

or − π2 , when A > 0 or A < 0,

respectively. Then, the DMI energy can be written in the continuous limit as:

EDM,Bloch

A
=
a

Z


∂sy
∂sx
∂sz
∂sz
− sz ×
+ sz ×
− sx
.
d ρ sy ×
∂x
∂x
∂y
∂y
2



(5.27)

Substituting the expansion of Eq. (5.8), this reduces to:

EDM,Bloch

∞

Z

A
=−
a

2π

Z
ρdρ

0

0

∂sx
dφ
∂y



s2x
1+
.
2

(5.28)

If one keeps terms up to quadratic order, only the first term survives. Substituting the trial
function, one obtains:

EDM,Bloch

Z

A
=−
a

∞

Z

2π

dφ

ρdρ
0

0

−2αρ sin φCh2α
= 0.
(ρ2 + h2 )α+1

(5.29)

Therefore, one sees that the DMI is a higher-order effect that is small in comparison to the
competition of the Zeeman energies from the stabilizing field and the MFM tip, which are
primarily responsible for producing the instability.
One can also consider the system with the Néel DMI that favors the radial rotation of
the spins with respect to the skyrmion center and skyrmions with chirality of γ = 0 or π,
when A > 0 or A < 0, respectively. The continuous energy can be expressed as:

EDM,N éel



Z
∂sx
∂sz
∂sy
∂sz
A
2
= −
d ρ sz ×
− sx ×
+ sz ×
− sy
a
∂x
∂x
∂y
∂y


Z
2
∂sx
A
s
=
d2 ρ
1+ x .
a
∂x
2

(5.30)

Keeping up to quadratic order, again only the first term remains. Upon substituting the
trial function:
EDM,N éel

A
=
a

Z

∞

Z
ρdρ

0

2π

dφ
0

−2αρ cos φCh2α
= 0.
(ρ2 + h2 )α+1

(5.31)
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Once again there is no contribution to the energy from the DMI. In short, the analytical
considerations indicate that the DMI interaction is a higher-order effect that cannot be
described by our model, even if other trial functions are considered. This is confirmed by
the numerical findings, which show negligible differences between the pure exchange model
and the inclusion of the DMI for small A  J. The corrections to Bh are a higher-order
effect that are relevant for large A.

5.5

Conclusion

Ultimately, we found in [128] that a skyrmion can be nucleated by a magnetic force microscope
that is modeled as a magnetic dipole. This is possible provided that the strength of the dipole
field is stronger than the stabilizing field. Furthermore, the analytics treated the MFM as
a point dipole that is held at a height h below the lattice. In principle, as considered in
[128], the results are valid for a dipole up to size R ∼ h that will nucleate a skyrmion of size
λ ∼ h ∼ R (see also Section 6.2.2). In this case, the skyrmion size, which can be estimated
p
from the continuous limit, see Section 3.1.1, is roughly h/a ∼ λ/a ∼ J/Bh . If the ratio
J/Bh is of the order of 104 , this means the skyrmions nucleated by this method are roughly
one hundred lattice spacings large. Therefore, the skyrmions created by this method will
probably be in the ten-nanometer size range, nucleated by a dipole with a size that is roughly
the same order. This is much larger than typically desired for experimental applications.
However, the principles are sound and it is theoretically possible to nucleate a skyrmion from
the uniform state using a magnetic force microscope.
The skyrmion nucleated by the dipole will in turn either collapse or tend towards an
equilibrium size that is determined by the interactions in the film, again see Section 3.1.1.
The DMI in particular is found to be a secondary ingredient in the nucleation process but
in general, is very important for skyrmion stabilization. Other interactions, such as the
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dipole-dipole interaction and the anisotropy can also play an important role in skyrmion
stabilization. However, these interactions were neglected in the paper [128], as we assumed
that the external field was strong enough to prevent the system from breaking into magnetic
domains.
The numerical work [128] showed that the skyrmion nucleation process involves the
formation of a skyrmion-antiskyrmion pair that conserves the topological charge of the
previously uniform state where Q = 0. The collapse of the antiskyrmion leads to a topological
transition from Q = 0 to Q = 1, leaving behind a skyrmion with cylindrical symmetry. Such
a transition seems to only be possible in the discrete system. In particular, the collapse of the
antiskyrmion is attributed to the ”lattice term” found in [131]. In that work, it was found
that expansion of the exchange energy to higher-order in the continuous approximation leads
to a term that goes as −1/λ2 , which promotes the skyrmion collapse (see also Section 3.2.1).
This confirms that the skyrmion is not stable in the pure exchange model and requires other
interactions to promote its stability.

Chapter 6
Skyrmion-Skyrmion Interaction
Skyrmions, particularly isolated skyrmions, are intriguing due to their potential applications
for computer memory, see Section 2.4. From a practical perspective, it is useful to see how
two skyrmions will interact with each other if they occupy the same ferromagnetic film. In
[141], discussed in this chapter, we determined that skyrmions will repel each other with
an exponential behavior containing an argument that is a function of the magnetic length,
p
δH = a J/|H|, and a prefactor that depends strongly on the DMI. This is contrary to
analytical predictions using the rigid BP skyrmion pair shape where there is no interaction
between skyrmions in the pure exchange model. We also proposed observing the repulsion
experimentally by manipulating the skyrmions with magnetic force microscope (MFM) tips,
see also Chapter 5. Dynamical results found by numerically solving the Landau-Lifshitz
equation indicated that the skyrmions will rotate counterclockwise as they spiral away from
each other. This is largely consistent with predictions from the Thiele equation that treats
the skyrmions as rigid particles.
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Skyrmion Interaction in Literature

The skyrmion-skyrmion interaction seems to depend on a number of factors. From a high
energy perspective, the skyrmion-skyrmion interaction was first studied in the 1980s by
Jackson and others, see for instance [161], [162], [163], [164], [165]. Furthermore, Kaulfuss
and Meissner [172] studied the interaction within a lattice model. The interaction was then
examined for magnetic materials by Bogdnanov [166] who showed that magnetic vortices
will repel each other with a behavior like K1 (d/ξ), where K1 is the Macdonald function, d is
the separation between the vortices, and ξ is the characteristic length of the overlap of the
spin fields of the two vortices which depends upon the external field.
Subsequent works by Lin et al. [225] and Lin and Hayami [126] seemed to confirm
this picture. In the former, Lin et al. studied the system with the exchange, DMI and
Zeeman energies, while in the latter, Lin and Hayami studied the system with the exchange,
expanded to higher-order, and the Zeeman energy to obtain similar results. Namely, they
concluded that the skyrmions will repel each other and the repulsion depends on the strength
of the external field, which appears in the argument of the exponentially decaying function
describing the repulsion. Furthermore, when Castro et al. [168] studied the repulsive
behavior of bubble skyrmions in the minimal model with the exchange and anisotropy, they
found that the repulsion increased with increasing anisotropy strength.
However, these findings were contrary to other works. Rózsa et al. [167] observed that
there can be an attractive interaction between skyrmions in an ultrathin film. They found
that the frustrated isotropic exchange due to the competition between the second and third
nearest-neighbor antiferromagnetic exchange with the usual nearest-neighbor ferromagnetic
exchange, as well as the DMI produced an oscillating potential that is attractive at small
distances for certain parameters.

Leonov et al.

[169] found that there are attractive

interactions between skyrmions in the cone phase below a certain threshold field in three-
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dimensional helimagnets (see also Section 2.2). Leonov et al. showed analytically that
skyrmions existing in the cone phase in the minimal model with the exchange, Zeeman and
DMI, when the external field is below the critical field, are asymmetric, which gives rise to
the attractive potential. This is in contrast to axisymmetric skyrmions that can exist in the
saturated phase of a ferromagnet when H > Hc . This attractive behavior was confirmed
experimentally by Loudon et al. [170] in the cubic helimagnet Cu2 OSeO3 . However, the
conclusion that the skyrmion interaction in helimagnets was attractive was complicated by
the experimental observations of Du et al. [171] in another cubic helimagnet FeGe. They
observed that the skyrmion interaction depended on the applied field and could switch
between attraction and repulsion depending upon the field strength.
We studied in [141], which is discussed in the rest of this chapter, the skyrmion-skyrmion
interaction in a thin ferromagnetic film for the minimal lattice model containing the exchange,
DMI and magnetic field. The analytical results confirmed the prediction by Lin et al. [225]
that there is a repulsive interaction that is exponential at large distances r  δH , where
p
δH is the magnetic length δH = a J/|H|. However, the analytical model which studies the
interaction of the spins in between the two skyrmions when they are far away from each other
is insufficient to describe the interaction when the skyrmions are close together. As such,
if the separation between the skyrmions is small enough, the interaction must be computed
numerically. We found that the repulsive interaction is driven by the DMI with a dependence
that appears as a prefactor in the exponential repulsive relation. Furthermore, when the
skyrmions are close enough together, we observed a topological transition from Q = 2 to
Q = 1 where the two skyrmions will merge into a single skyrmion of size λsingle ∼ 2λpair . This
forbidden transition which violates the conservation of topological charge is only possible in
the discrete lattice model.
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Same Chirality Skyrmion Pair: Analytics

Within the Belavin-Polyakov (BP) pure exchange formalism [10], the energy of the skyrmion
is scale-invariant, see Section 3.1. As such, the exchange energy of a skyrmion pair will be
independent of the size of the skyrmions λ and their separation d. Therefore, the interaction
between two skyrmions must be due to other interactions. However, it is instructive to
study this interaction by starting with the BP approach, which is reasonable for the strong
exchange limit.
From Section 3.1, the complex function ω can be used to obtain the three-component,
two-dimensional spin field s2 (x, y) = 1 for the pure exchange model. Within this formalism,
if the boundary condition is taken as sz (∞) = −1, poles of the ω function correspond
to regions where the spins point up, indicating the presence of a topological object with
topological charge Q. Therefore, as was already seen in Sections 3.2.1 and 4.1.1, an effective
separation between skyrmions can be produced by taking a sum of two first-order poles as
the ω-function.
It follows that the solution with topological charge Q = 2 that has a separation d between
what will visually appear as a pair of Q = 1 skyrmions can be expressed as [141]:

ω=

λeiγ2
λeiγ1
+
.
z ∗ − d/2 z ∗ + d/2

(6.1)

Recall that z ∗ = x − iy and γ is the chirality, referring to the orientation of the in-plane spin
components. The case γ1 = −γ2 ≡ γ was studied in [137] and Section 3.2.1. It was termed
a biskyrmion, a bound state with Q = 2 consisting of what visually appears as a pair of
Q = 1 skyrmions of opposite chirality. The biskyrmion can only exist in centrosymmetric
materials of a sufficient thickness [137] and has a corresponding ω-function of the form [141]
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(reprinted here for convenience):

ω=

λdeiγ
.
z ∗2 − (d/2)2

(6.2)

Note the limiting case d → 0 in which ω → λ̃2 eiγ /z ∗2 . For this case, as noted in [141],
there is a continuous transitition to d = 0 which means that the topological charge Q = 2 is
√
conserved, where the corresponding biskyrmion size is λ̃ = λd.
To study the skyrmion-skyrmion interaction between a skyrmion pair of the same chirality
which can exist in a non-centrosymmetric material, one must take γ1 = γ2 [141]:

ω=

λeiγ
2λeiγ z ∗
λeiγ
+
=
.
z ∗ − d/2 z ∗ + d/2
z ∗2 − (d/2)2

(6.3)

Note that in the limit d → 0, ω = λ̃/z ∗ which corresponds to a Q = 1 skyrmion of size
λ̃ = 2λ. Contrary to the previous example, there is no continuous transition to d = 0 that
preserves the topological charge. Consequently, the continuous limit permits the violation
of the topological charge from Q = 2 to Q = 1 when the separation d ∼ a, the lattice
spacing. We found that this topological transition can also occur in the discrete lattice
model through numerical studies in [141], see Section 6.3, for a finite d > a. Hence, there
is a large distinction between the biskyrmion studied in [137] and the skyrmion pair given
by the above equation. Namely, the biskyrmion state is supported in non-chiral films of a
sufficient thickness while the skyrmion pair is supported in chiral thin films.
After performing the appropriate transformations of the ω-function that are described in
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Section 3.1, the same chirality skyrmion pair will be found to have the spin profile [141]:
(
s =

16λ[(4(x2 + y 2 ) − d2 )x cos γ − (4(x2 + y 2 ) + d2 )y sin γ]
,
d4 − 8d2 (x2 − y 2 ) + 16(x2 + y 2 )(x2 + y 2 + 4λ2 )

16λ[(4(x2 + y 2 ) − d2 )x sin γ + (4(x2 + y 2 ) + d2 )y cos γ]
,
d4 − 8d2 (x2 − y 2 ) + 16(x2 + y 2 )(x2 + y 2 + 4λ2 )
)
d4 − 8d2 (x2 − y 2 ) + 16(x2 + y 2 )(x2 + y 2 − 4λ2 )
− 4
.
d − 8d2 (x2 − y 2 ) + 16(x2 + y 2 )(x2 + y 2 + 4λ2 )

(6.4)

At the center of each skyrmion in the pair, the spins point up, sz = 1. The spins will point
down at infinity, as well as in the center directly between the two skyrmions. The Néel-type
same chirality skyrmion pair is shown below in Fig. 6.1.

Figure 6.1: Computer generated image of an inward, γ = π Néel-type skyrmion pair. The
arrows indicate the direction of the magnetization. This image is reprinted from the article D.
Capic, D. A. Garanin and E. M. Chudnovsky, Skyrmion-skyrmion interaction in a magnetic
film, J. Phys.: Condens. Matter 32, 415803-4 (2020). DOI: https://doi.org/10.1088/1361648X/ab9bc8 c IOP Publishing. Reproduced with permission. All rights reserved.
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Energies of the BP Skyrmion Pair

Within the pure exchange model, no interaction is present and the energy of the BP same
chirality skyrmion pair will be Eex = 8πJ as expected. This can be seen by substituting
the expression for the spin components of Eq. (6.4) into the continuous expression for the
 2
R
∂s
exchange energy Eex = J2 dxdy ∂r
. Note that as done previously, the dimensionality of
i
the spins is absorbed into all energy constants so that s2 = 1.
In a chiral material, the Dzyaloshinskii-Moriya interaction (DMI) is present (see also
Section 2.1). When the Heisenberg exchange is much larger than the Dzyaloshinskii-Moriya
interaction, which is a valid assumption for most materials, as the exchange is Coulomb
and the DMI is due to spin-orbit interactions, then the DMI can be considered as a small
perturbation which leads to small distortions of the rigid BP profile of the skyrmion pair.
Consequently, one can take Eq. (6.4) as an Ansatz and use it to compute the DMI energy,
as in Section 3.1.1.
In the continuous limit, the Néel DMI can be expressed as a sum of first-order derivatives,
Eq. (3.29), where A characterizes the DMI strength. Here, A > 0 or A < 0 is the DMI
constant that favors outward γ = 0 or inward γ = π skyrmions, respectively, and a refers
cos γ,
to the lattice spacing. This gives the contribution to the energy EDM,N éel = − 8πAλ
a
i.e. twice the energy of a Q = 1 skyrmion. So, in the continuous approximation, the
DMI energy is independent of the separation between the skyrmions. However, we observed
numerically [141] that this is not the case; as the skyrmions move closer together, the DMI
energy increases as the skyrmions shrink. This shows the failure of the continuous model
to accurately describe the skyrmion-skyrmion interaction; one assumes a rigid size λ 6= λ(d)
where d refers to the skyrmion separation which is not maintained in the lattice model. The
Bloch DMI energy, Eq. (3.26) has the corresponding energy EDM,Bloch = − 8πAλ
sin γ.
a
Suppose one applies a field H = −Hêz where H  J. Then, one can assume that the
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skyrmion pair has the rigid spin profile of Eq. (6.4). Subtracting the contribution from
R
the uniform spin down state, the Zeeman energy has the form EZeeman = aH2 dxdy(sz + 1).
Making the substitutions u =

ρ2 d2
,
λ2 4λ2

and inserting the expression from Eq. (6.4), the Zeeman

energy of the skyrmion pair becomes:

EZeeman

Z
Z 2π
u
4Hλ2 ∞
du
dφ 2
=
2
2
a
p + u + 4u − 2up cos(2φ)
0
0
2 Z ∞
8πHλ
u
p
.
=
a2
p4 − 2p2 (u − 4) + u2 (u + 4)2
0

(6.5)

This integral diverges with the system size. In the limit of an infinite system, one expects the
skyrmions to repel as their separation decreases, but finite system effects will lead to a more
complicated interaction. Numerically, in a lattice model, the Zeeman energy decreases as
the skyrmions get closer together [141]. Ultimately, one must use a numerical lattice model
to appropriately describe the skyrmion-skyrmion interaction energy.

6.2.2

MFM Tip Analytics

The skyrmion-skyrmion interaction could be studied experimentally by manipulating the
skyrmions using magnetic force microscope (MFM) tips, as we suggested in [141]. To
compute the skyrmion energy due to the tips analytically, the tips can be modeled as point
magnetic dipoles oriented along the z -axis. Furthermore, it is convenient to rewrite the
induction field of one of the tips using Cartesian unit vectors and coordinates as:
Bh h3
B=
2



3hy cos γ 0
2h2 − x2 − y 2
3hx cos γ 0
,
,
(x2 + y 2 + h2 )5/2 (x2 + y 2 + h2 )5/2 (x2 + y 2 + h2 )5/2


.

(6.6)

Here, h is the tip height and γ 0 = 0 or π determines whether the tip field components are
outward or inward, respectively. The prefactor Bh =

µ0 m
2πh3

is the tip field strength for a tip

of magnetic moment m when the tip is held above the film at position r = (0, 0, h) (see also

CHAPTER 6. SKYRMION-SKYRMION INTERACTION

116

Section 5.2). When the exchange energy is large in comparison to the other interactions, one
can assume that the skyrmion shape does not deviate strongly from the Belavin-Polyakov
pure exchange shape, which has the normalized form (reprinted here for convenience):

s=

2λ(x cos γ − y sin γ) 2λ(y cos γ + x sin γ) λ2 − x2 − y 2
,
, 2
x2 + y 2 + λ 2
x2 + y 2 + λ 2
x + y 2 + λ2


.

(6.7)

One can obtain the Zeeman energy of the BP skyrmion due to a single tip by computing:
Z
ET ip = −

gµB
2πµB gS
d ρ 2 S (B · s + Bz ) = −
a
a2
2

Z
ρdρ (B · s + Bz ),

(6.8)

where Bz is the Zeeman energy from the tip interacting with the uniform spin-down background
s = −êz and S is the atomic spin. Inserting the expression for the spin profile:

ET ip

2πHh h3 λ
=−
a2

Z

∞

ρdρ
0

3hρ2 cos(γ) cos(γ 0 ) + λ(2h2 − ρ2 )
,
(ρ2 + λ2 )(ρ2 + h2 )5/2

(6.9)

where the magnetic field Hh ≡ gµB SBh . This integral can be evaluated analytically to
obtain:

ET ip

(

λ − h cos γ cos γ 0 λ(λ2 + 2h2 − 3λh cos γ cos γ 0 )
−
h(λ2 − h2 )
h(λ2 − h2 )2
)
λ(λ2 + 2h2 − 3λh cos γ cos γ 0 )( π2 − arctan( √λ2h−h2 ))
+
.
(λ2 − h2 )5/2
2πHh h3 λ
= −
a2

(6.10)

At first glance, Eq. (6.10) appears singular at λ = h, but this is not the case. This can
be seen by expanding arctan( √λ2h−h2 ) ≈

π
2

√

−

λ2 −h2
h

+

(λ2 −h2 )3/2
3h3

for large argument and then
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adding and subtracting this amount accordingly:

ET ip

2πHh h3 λ
= −
a2
−
+

(

λ − h cos γ cos γ 0 λ(λ2 + 2h2 − 3λh cos γ cos γ 0 )
−
h(λ2 − h2 )
h(λ2 − h2 )2

(6.11)

λ(λ2 + 2h2 − 3λh cos γ cos γ 0 ) λ(λ2 + 2h2 − 3λh cos γ cos γ 0 )
+
3h3 (λ2 − h2 )
h(λ2 − h2 )2
λ(λ2 + 2h2 − 3λh cos γ cos γ 0 )( π2 − arctan( √λ2h−h2 ) −

√

λ2 −h2
h

+

(λ2 −h2 )3/2
)
3h3

)
.

(λ2 − h2 )5/2

Finally, one is left with the expression:

ET ip

2πHh h2
=
F
a2

 
λ
,
h

where the function F (x) in terms of the dimensionless variable x =


2

0

x(x − 3x cos γ cos γ +
x
F (x) = x  − cos γ cos γ 0 −
3

2)( π2

(6.12)

λ
h

is defined as:

− arctan( √x12 −1 )
(x2 − 1)5/2

−

√

x2

−1+

(x2 −1)3/2
)
3

(6.13)
This function is minimized when λ = 1.41h for γ = γ 0 for Néel-type skyrmions [141]; outward
tip fields favor outward γ = 0 Néel skyrmions and inward tip fields favor inward γ = π Néeltype skyrmions. The behavior of F (x) is plotted below in Fig. 6.2. Therefore, in order to
effectively manipulate the skyrmions, the analytical predictions indicate that the tip should
be held at a distance above the film of the order of the skyrmion size, h ∼ λ.

6.2.3

Long Range Interaction of Skyrmions

This subsection follows the treatment from [141] to study the long-range interaction of the
skyrmion pair. In the continuous model, the total energy for the system with the exchange,


.
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Figure 6.2: Behavior of the function F (x). This image is reprinted from the article D.
Capic, D. A. Garanin and E. M. Chudnovsky, Skyrmion-skyrmion interaction in a magnetic
film, J. Phys.: Condens. Matter 32, 415803-10 (2020). DOI: https://doi.org/10.1088/1361648X/ab9bc8 c IOP Publishing. Reproduced with permission. All rights reserved.
Néel DMI and Zeeman interactions, respectively can be written as [141]:
Z
E=

(
d2 ρ

J
2



∂s
∂ri

2

A
−
a

"

∂s
s×
∂x





∂s
− s×
∂y
y

 #
x

H
− 2 sz
a

)
.

(6.14)

The equilibrium condition corresponds to the spins aligning with the effective field, i.e.

s × Heff = 0.

(6.15)

The effective field is the variational derivative of the total energy. Explicitly, it has the form
[141]:
Heff = −

δE
= Ja2 ∇2 s + 2Aa [(∇ · s)ez − ∇sz ] + Hez ,
δs

(6.16)

where the magnetic field H is applied in the negative z -direction. Consider two skyrmions
at equilibrium. If they are sufficiently far away from each other, the spins in between
them will not deviate much from the uniform spin-down state, so that for the unit-length
p
2
s2
three-component spin vector in two dimensions, sz = 1 − s2x − s2y ≈ −1 + s2x + 2y . For
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this expansion, suppose one only keeps terms that are linear order in the spin components.
Substituting Eq. (6.16) into Eq. (6.15), one sees that the DMI terms are quadratic order or
higher in the in-plane spin components and can be dropped. Then, Eq. (6.15) written out
in component form simplifies to [141]:

− Ja2 ∇2 sx + |H|sx = Ja2 ∇2 sy − |H|sy = 0,

(6.17)

where |H| is written to denote that H < 0. To obtain the explicit exponential behavior, it
is convenient to switch to polar coordinates. Defining:

sx = s⊥ cos φ;

sy = s⊥ sin φ,

(6.18)

one obtains the final expression [141]:
∂ 2 s⊥ 1 ∂s⊥
+
− sρ
∂ρ2
ρ ∂ρ



1
1
+ 2
2
ρ
δH


.

(6.19)

p
In the above, δH = a J/|H| is the magnetic length.
This equation has the solution s⊥ (ρ) = CK1 (ρ/δH ) for some constant C, where K1 is the
Macdonald function. At large distances, ρ  δH where this approximation is valid, s⊥ ≈
p
C πδH /(2ρ) exp(−ρ/δH ). As pointed out in [141], since the spin fields decay exponentially,
the overlap of the spin fields for the two skyrmions separated by the distance d must also
decay exponentially as exp(−d/δH ). This exponential repulsive behavior, which here is
phenomenologically attributed to the overlap of the skyrmion pair spin fields, is confirmed
numerically in [141].
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Dynamics via Thiele Equation

The first part of this subsection from Eqs. (6.20 - 6.29) follows the treatment first proposed
by Thiele in [23] to study the motion of the skyrmion treated as a rigid spin texture. A similar
derivation also appears in the appendix of [141]. The Landau-Lifshitz equation describing
the spin dynamics with damping α has the form:


∂s
∂s
.
~ = s × Heff − ~α
∂t
∂t

(6.20)

This can be written in the equivalent form:


∂s
∂s
s × Heff + ~s ×
− ~α
= 0.
∂t
∂t

(6.21)

For the strong exchange interaction, the length of the unit spin vector s2 = 1 is conserved, so
that s · ∂i s = 0. This means that s will be parallel to the total effective field in the brackets
and its derivatives will be perpendicular to it. Therefore, Eq. (6.21) can be rewritten as:

∂i s · Heff

∂s
∂s
− ~α
+ ~s ×
∂t
∂t


= 0.

(6.22)

The Thiele equation can be derived by assuming that the skyrmion spin profile moves
with drift velocity V as a rigid spin texture, corresponding to the condition [23]:

s(r, t) = s(r − R(t));

∂s
= −(V · ∂j )s.
∂t

Here, R(t) describes the motion of the center of mass of the skyrmion and V =

(6.23)

∂R(t)
∂t

is the

aforementioned drift velocity. Inserting this definition into Eq. (6.22), and expanding within
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the parentheses, one obtains:

∂i s · Heff − ~ (s × (V · ∂j )s) · ∂i s + ~α((V · ∂j )s) · ∂i s = 0.

(6.24)

Using the properties of the triple product, the second term can be rewritten as:

∂i s · Heff + ~s · (∂i s × (V · ∂j )s) + ~α((V · ∂j )s) · ∂i s = 0.

(6.25)

Thiele showed [23] that the first term in Eq. (6.25) is the force per unit area. This can
be obtained by integrating the usual force per unit area by parts [23]:
1
F= 2
a

Z

2

d ρ s · ∂i Heff

1
=− 2
a

Z

d2 ρ Heff · ∂i s,

(6.26)

where a is the lattice spacing. It follows that the force term is zero for the isolated skyrmion
in the uniform ferromagnetic background in a uniform external field that is considered in the
paper [141]. The second term in Eq. (6.25) contains a tensor that can be defined as [23]:
~
Gij = 2
a

Z



∂s
∂s
×
.
d ρ s·
∂ri ∂rj
2

(6.27)

Thiele associated this term with the gyroscopic force, also known as the Magnus force in
honor of its namesake who was originally studying the deflection of objects spinning relative
to the fluid hosting them [173]. The last term in Eq. (6.25) also contains a tensor, called
the dissipative tensor, associated with the drag force, which is defined as [23]:
~α
Γij = 2
a

Z

d2 ρ

∂s ∂s
·
.
∂ri ∂rj

(6.28)
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Putting this all together one finally obtains the expression [23]:

Fi = Gij Vj + Γij Vj ,

(6.29)

which is called the Thiele equation.
Having reproduced the Thiele equation, one can study the spiral dynamics of the two
skyrmions. In this formalism, non-zero forces will only arise from non-uniform additions to
Heff . Therefore, in the absence of forces between skyrmions for the effective field given by
Eq. (6.16), the skyrmion-skyrmion interaction must be treated phenomenologically. One
can attribute it to the overlap of the spin fields. Then, one can define the radius vector R
by drawing a line that connects the two skyrmions. The radius vector R points from the
center of this line towards one of the skyrmions, so that one effectively studies the motion
of a single skyrmion in the pair.
For the skyrmion in a thin film, s = s(x, y), by symmetry the gyroscopic tensor only has
two non-zero components [141]:

Gxy = −Gyx

~
= 2
a

Z

d2 ρ s ·

∂s
∂s
4π~Q
×
=
≡ G,
∂x ∂y
a2

(6.30)

where Q is the topological charge. The dissipative tensor also by symmetry only has two
non-zero components which are related to the exchange energy [141]:

Γxx = Γyy

~α
= 2
2a

Z

d2 ρ

"

∂s
∂x

2


+

∂s
∂y

2 #
=

~αEex
≡ Γ,
Ja2

(6.31)

where J is the exchange constant. Recall that the BP skyrmion has exchange energy Eex =
4πJ|Q|. Other interactions modify the shape so that the actual exchange energy in the
numerics can be expressed as Eex = 4πη|Q|J, where the parameter η > 1.
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From Eqs. (6.30) and (6.31), one can define the corresponding vector Thiele equation as:

F = −G × V + Γ̃V,

(6.32)

where the gyrotropic vector is G = Gêz . This equation can be rearranged to obtain the
expression for the velocity [141]:

V=

G × F + ΓF
.
Γ2 + G2

(6.33)

The skyrmion interaction energy was numerically computed in [141] as a function of the
separation between the skyrmions d/2 = R, where |R| = R. For the repulsive interaction,
F = −∂U/∂d > 0. Therefore, from Eq. (6.33), for a radial force F, one sees that the
skyrmions will rotate counterclockwise about each other and spiral away from each other
with a factor depending on the damping. Since F ≡ F (R), the motion of the skyrmions as
they move away from each other can be obtained from Eq. (6.33) and is described by the
autonomous equation [141]:
Γ
dR
= 2 F (R) →
dt
G

6.3

Z

dR
Γ
= 2 t.
F (R)
G

(6.34)

Numerical Results

The numerical results from [141] are described in the rest of this section. We studied a lattice
model for a two-dimensional ferromagnetic film with the energy:

H = −J

X
hi<ji

si ·sj −H

X
i

siz −A

X
i

 D X 2 ED X
(si × si+δx )y − (si × si+δy )x −
s −
Φij,αβ siα sjβ .
2 i iz 2 ij
(6.35)
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The normalized three-component, two-dimensional spin field satisfies s2 = 1 so that the
dimensionality of the spins is absorbed into all energy constants as in Section 3.2.2. Here,
J > 0 is the exchange constant for the nearest-neighbor exchange, and H is the strength
of an applied stabilizing field directed along the negative z -axis.

A < 0 is the DMI

constant favoring inward Néel-type skyrmions, where δx,y refers to the nearest-neighbor along
the x or y-direction, respectively. D is the easy-axis perpendicular magnetic anisotropy
(PMA) constant and ED is the dipole-dipole interaction (DDI) constant, where Φij,αβ =

a3
2
3rij,α rij,β − δαβ rij
for the displacement vector rij ≡ ri − rj between lattice sites and
r5
ij

α, β = x, y, z. The dimensionless parameter β ≡ D/(4πED ) gives the relative strength of
the PMA to the DDI. The DDI was included for the system of Nz atomic layers using the
effective two-dimensional DDI model that assumes the spin field is independent along the
z -axis, first introduced in [137] and described in Section 3.2.2.
We studied a square lattice in [141] of 800 × 800 spins. In the numerical computations,
we normalized the lattice constant and exchange constant to 1, i.e. a = J = 1. For most
of the work, we used A/J = −0.01 and H/J = −0.0045, with the corresponding magnetic
p
length δH = a J/|H| = 47.14a. For these parameters, the skyrmions were close to the
Belavin-Polaykov (BP) shape, which meant that the numerically computed exchange energy
was close to the analytical prediction Eex = 8πJ. The initial results were for the minimal
Hamiltonian where D = ED = 0. To verify the validity of our initial results, we also studied
the system that had the parameters of the PdFe/Ir(111) bilayer for the square lattice of
500 × 500 spins. We extracted these parameters as A/J = −0.268, D/J = 0.0236 and
β = 4.29 from [174] for the system of Nz = 1 and Nz = 10 layers with the magnetic field
H/J = −0.04.
The numerical method involved the minimization of the energy via the alignment of the
spins with the effective field, first introduced in [130] and described in Section 3.2.2. The
initial state was the spin profile of the skyrmion pair from Eq. (6.4). To study the skyrmion-
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skyrmion interaction systematically, in [141] we used the fixed-center spin (FCS) method to
pin the skyrmion centers. This involved the application of a strong fictitious field applied
along the positive z -direction at the two lattice sites where the skyrmion pair’s centers were
located. At these locations, the spins point up, sz = 1, so the pinning fields fix the separation
distance d between the skyrmion pair. The skyrmions were moved closer to each other, i.e.
the separation d was decreased, by moving the two pinning fields one lattice spacing closer
per step. For each separation d, we computed the minimum energy configuration.
We began the numerical computations in [141] with the minimal model that had just the
exchange, DMI and Zeeman energy, (D = ED = 0 in Eq. (6.35)) with the parameters chosen
so that the skyrmion pair was close to the BP shape. Contrary to the analytical predictions
from Section 6.2.1 that assumed the rigid BP shape, we found that the total energy of the
system increased with decreasing separation d, indicating skyrmion-skyrmion repulsion at
all separations. As the skyrmions were moved closer together by moving the pinning fields,
their effective size shrank. We found the effective size numerically using the equation that
first appeared in [130]:
λ2n =

n−1 2X
a
(si,z + 1)n ,
2n π
i

(6.36)

which for the BP skyrmion will give the proper size λn = λ for any n. In the computations,
we took n = 4. As noted in [141], the above expression gives the total effective size for the
system of arbitrary topological charge Q. That means that one must divide by 2 to obtain
the size of one of the skyrmions in the pair. The negative DMI energy increased faster than
the positive Zeeman energy decreased, leading to the observed behavior that the total energy
E of the system increased with decreasing d. The exchange energy Eex ≈ 8πJ was largely
constant.
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We found that the long-range behavior of the total energy E had the dependence [141]:


d
+ const,
E = F (A, H, J) exp −
δH
where δH = a

p

(6.37)

J/|H| is the magnetic length. Thus, we confirmed numerically that the

exponential dependence of the long-range interaction is governed by the magnetic field, as
predicted analytically (see Section 6.2.3). However, the prefactor is a function that depends
upon both the magnetic field and the DMI, which is something the analytical model failed
to capture, especially as the DMI entered as a higher-order effect. In particular, the DMI
drives the repulsion at smaller length scales.
Numerical fits indicated that the prefactor for the material parameters of the minimal
model is approximately [141]:

F (A, H, J) ≈ 60J

A2
JH

2
,

(6.38)

i.e. the repulsive interaction increases with increasing DMI strength. In the rigid BP
approximation, a regime that was nearly satisfied for the chosen parameters, the DMI and
Zeeman energies of the skyrmion go as EDM ∝ −|A|λ/a and Ez ∝ |H|λ2 /a2 , respectively.
Minimizing, this gives an equilibrium size of one of the skyrmions in the pair λ ∝ |A/H|.
Combining this with the definition of the magnetic length, it is plausible that the prefactor
can be written as F ∝ J(λ/δH )4 , which we suggested in [141].
We observed the same qualitative behavior [141] in the full model using the parameters
of the PdFe/Ir(111) bilayer. If one defines the effective anisotropy as Deff = D(1 − 1/β),
p
then the magnetic length is modified accordingly as δH = a J/(|H| + Deff ). For these
parameters, δH = 4.15a. In the model with just the PMA, i.e. Deff = D, the exponential
repulsive behavior was similar to the behavior observed in the minimal model. The inclusion
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of the DDI modified the exponential repulsive behavior into a power-law tail that scaled with
the number of layers in the film. This is due to the fact that at large distances aNz  r, the
DDI between the skyrmions is the same as two magnetic dipoles directed along the z -axis,
so that [141]:
2
EDDI = ED Sskyrmion
Nz

 a 3
r

.

(6.39)

Here, Sskyrmion is the magnetic moment that can be computed numerically as Sskyrmion =
P
i (siz + 1), where we subtract the contribution from the uniform ferromagnetic background.
At sufficiently small d > 0,we saw in [141] that there will be a topological transition from
the Q = 2 skyrmion pair to a larger Q = 1 skyrmion. This transition cannot be explained
by the continuous spin field model; at best, the continuous model predicts this transition
as d → 0, rather than at a finite d, see Section 6.2. We believe that this transition which
violates the topological charge is only allowed in the discrete lattice model. We observed
something similar in [128] (see previous chapter) in the creation of a Q = 1 skyrmion via
the formation of a skyrmion-antiskyrmion pair with Q = 0, followed by the collapse of the
Q = −1 antiskyrmion so that there was a jump in topological charge from Q = 0 to Q = 1.
This situation is not similar to the collapse of the skyrmion at the boundary, i.e. the Q = 1
to Q = 0 transition, see for instance [175], as topological charge can be violated at the
boundary. We postulated in [141] that this Q = 2 to Q = 1 transition of the skyrmion pair
arises from the DMI; each skyrmion has the same chirality which conflicts with the exchange
interaction that promotes neighboring spins to point in the same direction.
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Dynamics

The skyrmion dynamics were consistent with the analytical predictions. In [141], we numerically
solved the Landau-Lifshitz equation, which for the ith spin has the form:
∂si
1
α
= si × Heff,i − si × (si × Heff,i ) ,
∂t
~
~

(6.40)

for the damping constant α  1. This was solved by the fourth order Runge-Kutta method
in integration steps of 0.2~/J on a 300 × 300 lattice with periodic boundary conditions.
When there is no damping, i.e. α = 0, the skyrmions will rotate around each other in the
counterclockwise direction, as predicted in Eq. (6.33) from the rigid Thiele formalism, see
also Section 6.2.4. For non-zero damping, we observed the spiral motion of the skyrmions
away from each other into opposite corners of the system. Both cases are consistent with
a repulsive force directly radially. The dynamical trajectories as predicted by the LandauLifshitz equation and the Thiele equation were in good agreement.

6.3.2

Manipulation of the Skyrmion Pair by MFM Tips

It was shown in [128] that skyrmions could be nucleated by a magnetic force microscope
(MFM) tip. A MFM tip can also be used to image Néel-type skyrmions [176]. Casiraghi et
al. [177] showed experimentally that individual skyrmions could be manipulated by a MFM
tip in homogeneous samples of W/CoFeB/MgO or Pt/CoFeB/MgO multilayers that have
the Néel-type DMI. In [141], we proposed pinning the skyrmions using a pair of MFM tips
to study the skyrmion-skyrmion interaction experimentally, where the schematic is shown
below in Fig. 6.3.
To study this numerically, as we proposed in [141] which is discussed in the rest of this
subsection, we modeled the tip fields as point magnetic dipoles oriented along the z -axis, as
was done in Section 6.2.2 and Chapter 5, see for instance Eq. (6.6). The tip field just below
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Figure 6.3: Schematic of the pair of magnetic force microscope tips that can manipulate the
skyrmion pair. This image is reprinted from the article D. Capic, D. A. Garanin and E. M.
Chudnovsky, Skyrmion-skyrmion interaction in a magnetic film, J. Phys.: Condens. Matter
32, 415803-9 (2020). DOI: https://doi.org/10.1088/1361-648X/ab9bc8 c IOP Publishing.
Reproduced with permission. All rights reserved.
the tip can be used to define the parameters [141]:

Bh =

µ0 m
,
2πh3

Hh = gµB SBh ,

(6.41)

for the tip of magnetic moment m held at a height h above the film. The tip field is defined
in the energy units of Hh for the atomic spin S so that one can define the dimensionless ratio
Hh /J  1. The magnetic tips have inward in-plane components γ 0 = π in Eq. (6.6), which
will favor inward γ = π chirality Néel skyrmions for the negative DMI constant used in this
paper [141]. From Section 6.2.2, the tips should be held at a height that is of the order of
the skyrmion size to most effectively manipulate the skyrmions.
We used the same parameters as the minimal model [141] with the addition of the two
MFMs placed at a height h = 15a ∼ λ above the lattice. The system relaxed to the minimum
energy in accordance with the same numerical routine, with the additional Zeeman term
P
− i Hi · si in Eq. (6.35), where Hi is the sum of the two tip fields. Then, each tip was
moved one lattice spacing along the separation direction per step and the minimum energy
was computed again. The minimum energy was recorded as a function of dtips , the separation
between the two tip fields, much as the skyrmion separation was originally recorded as the
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distance d between the pinning fields in the fixed central spin method.
The same qualitative behavior of the energy when the skyrmion pair was manipulated by
MFM tips was observed as the fixed central spin approach already discussed from [141]. The
total energy increased with decreasing separation dtips due to the increase in the negative
DMI energy at the expense of the decrease in the positive Zeeman energy from the stabilizing
field for nearly constant exchange energy Eex ≈ 8πJ. The Zeeman energy due to the tips
also increased with decreasing dtips . When the tip strength is of the order of the stabilizing
field, the skyrmions will lag behind the tips, i.e. d > dtips , until they cease to follow the
tips altogether at some finite dtips when the skyrmion repulsion becomes strong enough that
the tips can no longer pin them. Therefore, these ”weak” tips that are of the order of the
stabilizing field in strength are suitable for computing the long-range interaction because
they can pin the skyrmions at large separations without strongly distorting their shape,
i.e. the exchange energy is close to the BP prediction. Stronger tips Hh ≈ 10H can pin
the skyrmions effectively at all separations dtips , at the cost of more significant distortions to
their shape. Stronger tips are therefore desirable to study the skyrmion-skyrmion interaction
for separations dtips ∼ δH and in particular, to observe the predicted topological transition
from Q = 2 to Q = 1.

6.4

Conclusion

In [141], we studied the skyrmion-skyrmion interaction in a chiral material using a largely
numerical approach. In the pure-exchange Belavin-Polyakov model, the skyrmions do not
interact; the exchange energy is scale-invariant. If other interactions such as the DMI,
present in chiral materials, and the Zeeman interaction are included, the scale invariance
is broken and the energy of the skyrmion pair will depend on the skyrmion size and the
separations between the skyrmions. However, even when these additional interactions are
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treated as perturbations, their predicted analytical behavior assuming the rigid BP skyrmion
pair shape does not match the numerical results that study a discrete lattice model.
If one takes into account the interaction between the skyrmions as being due to the overlap
in their spin fields [141], one will analytically obtain a repulsive behavior at large distances
p
that decays as exp(−d/δH ) for the separation d and magnetic length δH = a J/|H|.
Furthermore, the DMI only enters as a higher-order effect. Numerical results for the minimization
of the energy using a lattice model verify the exponential repulsive behavior. However, there
is also a prefactor that increases with the strength of the DMI. Additionally, at smaller
separations, the skyrmion-skyrmion repulsion is driven by the DMI. At sufficiently small
separations, the skyrmion pair will undergo a topological transition from Q = 2 to a single
Q = 1 skyrmion. This transition is only possible in the discrete lattice model.
Using the Thiele formalism, which considers the skyrmions as rigid objects, the Thiele
equation predicts that a repulsive force directed radially outwards will cause the skyrmions
to spiral away from each other while rotating counterclockwise about each other [141].
This behavior was confirmed numerically by solving the Landau-Lifshitz equation. The
skyrmion pair trajectories that were computed from the Landau-Lifshitz equation were in
good agreement with the Thiele equation.
To study the skyrmion-skyrmion interaction experimentally, we proposed [141] a method
that involves manipulating skyrmions using magnetic force microscope tips. Weaker tip fields
of the strength of the stabilizing field are sufficient to study the long-range behavior because
they can pin the skyrmions at larger separations d  δH and will not strongly distort the
shape of the skyrmions. To study the repulsion at smaller separations, stronger tips are
needed to effectively pin the skyrmions and to potentially observe the topological transition.
This regime where d  δH , in particular, is difficult to study analytically and would be
of most interest for practical applications where skyrmions would come very close to each
other, as well as to verify that a topological transition occurs at a finite separation between
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Chapter 7
Skyrmion Mass
The skyrmion mass is an important quantity to consider for potential applications. The
inertial skyrmion mass is typically found from the skyrmion oscillation frequency in literature
and can be attributed to the confined geometry of the system. If the system is translationally
invariant, the skyrmion mass seems to be zero [187]. In principle though, the skyrmion can
acquire a mass due to the spin-phonon interaction. This chapter, which discusses findings
from [192], demonstrates the rigorous calculation of the skyrmion mass for a skyrmion moving
in a thin ferromagnetic film sandwiched in between two non-magnetic solids using a toy model
of the magnetoelastic coupling. It assumes that the skyrmion is close to the rigid BelavinPolyakov (BP) shape. We found that the skyrmion mass due to the magnetoelastic coupling
in a typical system is a few electron masses and therefore non-negligible for applications
that involve manipulating skyrmions. Futhermore, the mass terms from the isotropic and
anisotropic magnetoelastic coupling have the same dependences that are linear in the lateral
skyrmion size and quadratic in the strength of the magnetoelastic coupling constant, even
though they differ by an order of magnitude. One can obtain the skyrmion mass for more
general cases using the basic methodology outlined in this chapter.
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Skyrmion Mass

The study of the skyrmion mass in the context of high energy theory goes back several
decades, see for instance [178], [179], [180], [181], [182]. In the context of condensed matter
systems, Makfudz et al. [183] numerically studied the dynamics of a skyrmion bubble in
a thin-film ferromagnet in the presence of a constant stabilizing field. They found that
phenomenologically introducing a mass term to the Thiele equation (see Section 6.2.4)
correctly produced the bubble dynamics. This mass term depended upon the coupling
between the direction of the domain motion and the in-plane magnetization. The motion of
the skyrmion had the characteristic oscillating frequency ω = ~/Ms a2 for the skyrmion mass
Ms and the lattice spacing a. For eigenfrequencies in the GHz range, Makfudz et al. found
that the mass was of the order of 10−22 kg.
The experimental results of Büttner et al. [184] seemed to validate the theoretical
predictions by Makhfudz et al.. Büttner et al. studied the trajectory of a skyrmion in
the same GHz range of the gyrotropic motion. They posited that the origin of the skyrmion
mass is its confinement in a finite structure, as well as the energy related to the change
of its size. The mass they determined is of the same order of magnitude as Makhfudz et
al. Psaroudaki et al. [187] analytically confirmed the results of Büttner et al. by explicitly
showing that the skyrmion mass is due to the confined geometry. Using the path integral
formalism, they found that the skyrmion acquires a mass proportional to the effective spin
when there are either defects or confinement of the skyrmion via a magnetic trap, while
it is massless otherwise due to its translational symmetry. Li et al. [190] used the rigid
body Thiele formalism with a second-order mass term as well as an additional third-order
gyroscopic term to numerically study the dynamics of the honeycomb skyrmion lattice. They
also observed resonant frequencies in the GHz range but postulated a mass several orders of
magnitude smaller than Makhfudz et al.
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Shiino et al. [185] determined that the skyrmion mass is due to the deformation of its
boundary spins when it is displaced from equilibrium. They studied the dynamics of the
skyrmion numerically when it is driven by an oscillating spin Hall spin torque. The mass
Shiino et al. deduced is of the same order of magnitude as the others already mentioned in
the GHz regime. Similarly, Lin [186] studied the skyrmion mass due to excitations of the
skyrmion from equilibrium by examining the magnon modes. Lin found that a skyrmion
driven by the magnetic gradient or spin-transfer torque (STT) is practically massless, while
the skyrmion driven by spin Hall torque is massive due to the coupling of the torques to the
skyrmion motion via magnons.
Mochizuki [188] found that a skyrmion has three spin-wave modes, each of which was
in the GHz regime: two correspond to the gyrotropic motion of the skyrmion core in
response to an in-plane AC field and the third corresponds to the breathing mode where
the skyrmion radius oscillates in size for a fixed core position in response to an out of plane
AC field. When Kravchuk et al. [189] studied the eigenfrequencies of the magnon modes,
they observed three distinct classes of frequencies that instead depended on the skyrmion size
λ. The eigenfrequency goes as 1/λ2 for the breathing mode dynamics close to the equilibrium
state. The gyrotropic states have frequencies that go as 1/λ and 1/λ3 for skyrmions and
antiskyrmions, respectively. However, Kravchuk et al. found that the skyrmion dynamics
obeyed the massless Thiele equation, despite the inclusion of magnon excitations. Most
recently, Liu and Liang [191] proposed a way to determine the skyrmion mass by placing the
skyrmion in an oscillating potential that causes it to behave like a simple harmonic oscillator.
In [192], which is discussed in the rest of this chapter, we computed the mass of the
skyrmion due to the spin-phonon interaction, which we believe is a fundamental quantity as
opposed to the effective mass due to the confined geometry of some of the above works. The
skyrmion can acquire a mass through the magnetoelastic coupling. Physically this is due to
the skyrmion motion inducing the motion of the atoms comprising the atomic lattice. The
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computation of the skyrmion mass can be done exactly for a toy model of the magnetoelastic
coupling in a ferromagnetic film. We found that the skyrmion mass due to the spin-phonon
interaction goes as the square of both the magnetoelastic coupling and the film thickness,
while it is linear in the lateral skyrmion size. For nanometer sized skyrmions, this yields
a typical mass of the order of a few electron masses, a value that is orders of magnitude
smaller than the GHz regime of some of the above works.

7.2

Isotropic Coupling

Magnetostriction generally refers to the change in magnetization of a ferromagnet due
to its deformation in response to a magnetic field, which in principle involves either the
exchange or relativistic interactions, while magnetoelasticity refers specifically to changes
in the magnetization of a ferromagnet in response to elastic deformations, which involves
relativistic interactions [194]. One of the first theories of magnetoelasticity was formulated
by Brown [195]. Furthermore, magnetoelasticity can lead to attractive interactions between
domain walls and the dislocations within a crystal, pinning the walls at these sites [196]. The
magnetoelastic coupling can be computed from a microscopic model using first principles, as
shown by Lu et al. [193]. For the following considerations, we only include the lowest order
nonvanishing terms that are linear in the magnetoelastic coupling, as higher-order terms are
much smaller.
What follows in this and the next two subsections is a rigorous calculation of the skyrmion
mass due to the isotropic magnetoelastic coupling that was excluded from [192], but follows
the same basic methodology of the anisotropic computation that did appear in that paper,
which is discussed in Section 7.2.4. Consider a two-dimensional ferromagnetic film sandwiched
in between two non-magnetic semi-infinite solids, see Fig. 7.1. The elastic energy, including
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the isotropic magnetoelastic coupling, has the form [192]:
"

Z
E=

dxdydz

1
ρ
2



∂u
∂t

2


+ µ u2ik +

σ
u2ll
1 − 2σ

#



+ Auik Si Sk .

(7.1)

Here,
1
uik =
2



∂ui ∂uk
+
∂rk
∂ri


(7.2)

is the strain tensor (i, k = x, y, z), u(x, y, z) is a three-component displacement field in three
dimensions and S is the three-component skyrmion spin field. Assume that the magnetic
layer is characterized by the same constants as the solids, where ρ is the mass density, µ > 0
is the shear modulus, σ = E/(2µ) − 1 (satisfying −1 ≤ σ ≤ 1/2) is the Poisson coefficient,
where E is the Young modulus, and A is the magnetoelastic constant. For the most general
case, the form of the last term is Aikjl uik Sj Sl .
If the speed of the moving skyrmion is small compared to the speed of sound, then the
elastic deformation will adiabatically follow the skyrmion. This is described by the equation:

∇2 u +

1
A
∇(∇ · u) = − [(∇ · S) + (S · ∇)] S.
1 − 2σ
µ

(7.3)

This equation has the associated three-dimensional Green function of the form [197]:


1 δik
1
∂ 2r
Gik =
−
,
4π r
4(1 − σ) ∂ri ∂rk
where r is the radius vector, r =

(7.4)

p
x2 + y 2 + z 2 . Consequently, the displacement field in

three-dimensions, uS (x, y, z), generated by the skyrmion field S is given by:

uSi (r)

A
=−
µ

Z

d3 r0 Gik (r − r0 ) {[∇r0 · S(r0 )] + [S(r0 ) · ∇r0 ]} Sk (r0 ).

(7.5)

Without loss of generality, suppose the the skyrmion moves along the x -axis at a constant

CHAPTER 7. SKYRMION MASS

138

speed V . Therefore, one can take u ≡ uS (x − V t, y, z) as the skyrmion displacement field.
Substituting into Eq. (7.1), the kinetic energy becomes [192]:
Z
K.E. =

1
dxdydz ρV 2
2



∂uS
∂x

2
.

(7.6)

It follows upon substitution of Eq. (7.5) into the above that the mass of the skyrmion due
to the spin-phonon coupling can be calculated as:


Z

∂uS
∂x

2

dxdydz
 2 Z
Z
A
3 0
0
0
0
= ρ
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Z
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A
3 0
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0
0
= ρ
d r {[∇r0 · S(r )] + [S(r ) · ∇r0 ]} Sk (r ) d3 r00 {[∇r00 · S(r00 )] + [S(r00 ) · ∇r00 ]} Sj (r00 )
µ

MS = ρ

× Fkj (r0 − r00 ).

(7.7)

where in the last line, the function F is defined as [192]:

0

00

Z

Fkj (r − r ) ≡

∂Gik (r − r0 )
dr
∂x
3






Z
∂Gij (r − r00 )
∂ ∂
d3 r Gik (r − r0 )Gij (r − r00 ).
=
∂x
∂x0 ∂x00
(7.8)

It is helpful to simplify F . To begin, note that the Fourier transform of the Green function
has the form [192]:


1
1
ki kk
Gik (k) = 2 δik −
.
k
2(1 − σ) k 2

(7.9)

Then, the product of Green functions that appears in Eq. (7.8) equals:


1
kk kj
Gik (k)Gij (k) = 4 δkj − p 2 ;
k
k



1
1
p=
1−
.
(1 − σ)
4(1 − σ)

(7.10)
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Figure 7.1: Skyrmion in a thin ferromagnetic film confined between two non-magnetic solids.
Reprinted Fig. 1 with permission from D. Capic, E. M. Chudnovsky, and D.A. Garanin,
Skyrmion mass from spin-phonon interaction, Phys. Rev. B 102, 060404(R)-2 (2020)
Copyright (2020) by the American Physical Society.
DOI: https://doi.org/10.1103/PhysRevB.102.060404
The parameter p satisfying 7/16 ≤ p ≤ 1 is positive due to the property of the Poisson
coefficient: −1 ≤ σ ≤ 1/2 [192]. Therefore, the integrand in Eq. (7.8) can be expressed as:
Z

0

3

00

d r Gik (r − r )Gij (r − r ) =

Z



d3 k −ik(r0 −r00 ) 1
kk kj
e
δkj − p 2 .
(2π)3
k4
k

(7.11)

Substituting this into Eq. (7.8) and taking the spatial derivatives, one obtains [192]:

0

00

Fkj (r − r ) =

Z



kk kj
d3 k −ik(r0 −r00 ) kx2
e
δkj − p 2 .
(2π)3
k4
k

(7.12)

As the next step, it is helpful to rewrite the expression for the mass Eq. (7.7) in
component form as:
 2 Z
Z
A
∂
∂
3 0
Ms = ρ
dr
d3 r00
(Si (r0 )Sk (r0 ))
(Sl (r00 )Sj (r0 )) Fkj (r0 − r00 ).
µ
∂ri
∂rl

(7.13)
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Integrating by parts, one obtains:
 2 Z
Z
A
∂ 2 Fkj (r0 − r00 )
3 0
(Si (r0 )Sk (r0 )) (Sl (r00 )Sj (r00 )) .
dr
d3 r00
Ms = ρ
µ
∂ri ∂rl

(7.14)

Using the expression for Fkj from Eq. (7.12), the derivative term is:
∂ 2 Fkj (r0 − r00 )
=
∂ri ∂rl

Z



d3 k −ik(r0 −r00 ) kx2 ki kl
kk kj
δkj − p 2 .
e
(2π)3
k4
k

(7.15)

For a sufficiently thin film of thickness d  λ, where λ is the skyrmion size, one can
write the effective two-dimensional spin field of the skyrmion as [192]:

S(r) = S(ρ)dδ(z),

where ρ =

(7.16)

p
x2 + y 2 . Substituting Eqs. (7.15) and (7.16) into Eq. (7.14) and integrating

over z 0 and z 00 gives:
 2 Z


Z
Z
2
kk kj −ikx x0 −iky y0 ikx x00 +iky y00
A
d3 k
2
2 0
2 00 kx ki kl
Ms = ρ
d
d ρ
d ρ
δkj − p 2 e
e
Si (ρρ0 )Sk (ρρ0 ) Sl (ρρ00 )Sj (ρρ00 ).
µ
(2π)3
k4
k
(7.17)

To simplify the calculation, one can define the vector [192]:
Z
G≡

dxdy [k · S] S exp(−ikx x − iky y),

(7.18)

so that the mass can finally be written in the compact form [192]:
 2 Z


A
d3 k kx2
|k · G|2
2
2
Ms = ρ
d
|G| − p
.
µ
(2π)3 k 4
k2

(7.19)

The problem of computing the skyrmion mass has been reduced to computing the vector
G. As one can switch the order of integration, it is easiest to compute the components of
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G which are the only terms in Eq. (7.19) containing real space variables, and then perform
the integration in k-space.

7.2.1

Z - component of G

When the exchange interaction is much larger than other interactions, the skyrmion will
not deviate much from the Belavin-Polyakov pure exchange spin profile, which in polar
coordinates can be expressed as:

S=S

2λρ cos(γ + φ) 2λρ sin(γ + φ) λ2 − ρ2
,
, 2
λ2 + ρ2
λ2 + ρ 2
λ + ρ2


.

(7.20)

Here, S is the atomic spin, φ is the angle in the plane, λ is the skyrmion size and γ is the
chirality of the skyrmion, which indicates the orientation of the in-plane components of the
spins.
2
To perform the computation, define the polar variables in k-space as k⊥
= kx2 + ky2 and

ϕ = arctan(ky /kx ). Then the z -component of G can be expressed as:
Z
Gz =

dxdy [kx Sx + ky Sy + kz Sz ] Sz e−ikx x−iky y

(7.21)
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where the trigonometric term in the third line comes from cos(γ +φ) cos ϕ+sin(γ +φ) sin ϕ =
cos(γ + φ − ϕ).
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Integrating over the angle:

Gz = S

2

Z





ρdρ k⊥

−4iπλρ(λ2 − ρ2 ) cos(γ)J1 (k⊥ ρ)
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(7.22)

The first term within the second group of terms integrates to zero, so one can write:

Gz



 
8πλ2 ρ3 J0 (k⊥ ρ)
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dr q
(1 + r2 )2
(1 + r2 )2
2

Z

In the above expression, the dimensionless variables are:

r≡

ρ
,
λ

q ≡ k⊥ λ,

qz ≡ kz λ.

(7.24)

Defining the integrals:
Z
Iz,q =


r2 (1 − r2 )J1 (qr)
dr
;
2(1 + r2 )2


Z
Iz,qz =


r3 J0 (qr)
dr
,
(1 + r2 )2


(7.25)

one is left with the final expression:

Gz = −8πλS 2 (iq cos(γ)Iz,q + qz Iz,qz ) .

(7.26)

To obtain the integral over the angle in Eq. (7.22), recall that the arbitrary Bessel
function of order n can be defined as (see for instance [198]):
1
Jn (z) =
2πin

Z
0

2π

dφ eiz cos φ einφ .

(7.27)
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Additionally, one has:
J−n (z) = (−1)n Jn (z),

(7.28)

when n is an integer. It follows immediately why the second term in Eq. (7.26) contains the
zeroth-order Bessel function. The first term contains a first-order Bessel function which can
be seen by evaluating:
Z

2π
iz cos φ

dφ cos(γ + φ)e

=

0

=
=
=

Z

1 2π
dφ eiz cos φ (ei(γ+φ) + e−i(γ+φ) )
2 0
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1 2π
dφ eiz cos φ eiφ eiγ + eiz cos φ e−iφ e−iγ
2 0

1
2πiJ1 (z)eiγ − 2πiJ−1 (z)e−iγ
2

1
2πiJ1 (z)eiγ + 2πiJ1 (z)e−iγ
2

= 2πiJ1 (z) cos γ.

(7.29)

A Bessel function of odd order is also odd which is why the expression Eq. (7.22) has an
overall minus sign due to the argument of the complex exponential.

7.2.2

In-plane components of G

The in-plane components of G can be computed in a similar fashion. Gx is:
Z

dxdy [kx Sx + ky Sy + kz Sz ] Sx e−ikx x−iky y

Z

ρdρdφ [k⊥ cos ϕSx + k⊥ sin ϕSy + kz Sz ] Sx e−ik⊥ ρ cos(φ−ϕ)

Gx =
=
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Integrating over the angle,
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Making the substitutions from Eq. (7.24) and defining the integrals as:
Z
Ixy,q =

r3 J2 (qr)
;
dr 2
(r + 1)2

Z
Ixy,ϕ =

r2 J1 (qr)
dr
;
(1 + r2 )2

Z
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,
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(7.32)

Gx can be expressed as:
Gx = −8πλS 2 cos(γ + ϕ) (q cos(γ)Ixy,q + iqz Iz,q ) + 8πλS 2 cos(ϕ)Ixy,ϕ .

(7.33)

Note that one of the integrals in the expression for Gx is identical to one in Gz . The ycomponent computation is practically identical, with the result:

Gy = −8πλS 2 sin(γ + ϕ) (q cos(γ)Ixy,q + iqz Iz,q ) + 8πλS 2 sin(ϕ)Ixy,ϕ .

(7.34)
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Isotropic Mass: Final Result

In terms of polar variables, the expression Eq. (7.19) for the skyrmion mass is:
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Now,

|G|2 = |Gx |2 + |Gy |2 + |Gz |2
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|k · G|2 = |(k⊥ cos ϕGx + k⊥ sin ϕGy + kz Gz )|2
2
q
= (8πλS 2 )2 k⊥ Ixy,ϕ − k⊥ Ixy,q (1 + cos(2γ)) − kz qz Iz,qz − i(kz q + k⊥ qz )Iz,q cos(γ)
2
2
2
q
2 2
2
(7.36)
= (8πS ) qIxy,ϕ − Ixy,q (1 + cos(2γ)) − qz Iz,qz − 2iq qz Iz,q cos(γ) .
2

Notice that neither term depends on ϕ. Additionally, the factor of cos(2γ) comes from
cos2 γ = 21 (1 + cos(2γ)). Switching to the dimensionless variables defined in Eq. (7.24), one
can immediately integrate over ϕ in Eq. (7.35):

Ms
Ms



 2
Z
2
A
qdqdϕdqz q 2 cos2 ϕ
21
2
2 |k · G|
|G| − pλ 2
= ρ
d
µ
λ
(2π)3 (q 2 + qz2 )2
q + qz2
 2


Z
2
A
qdqdqz
q2
2
2 |k · G|
21
= ρ
d π
|G| − pλ 2
.
µ
λ
(2π)3 (q 2 + qz2 )2
q + qz2

(7.37)

Substituting the expressions for |G|2 and |k · G|2 into the expression for the mass and
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simplifying the prefactor:

Ms

(
 2
Z
2
A
q
2
2
d2 λS 4 qdqdqz 2
{qz2 (Iz,q
+ Iz,q
)
= 8ρ
z
µ
(q + qz2 )2
2
+ Ixy,ϕ
− qIxy,ϕ Ixy,q (1 + cos(2γ)) +

q2 2
2
(Ixy,q + Iz,q
)(1 + cos(2γ))}
2

p
q2
− 2
Ixy,q (1 + cos(2γ)) − qz2 Iz,qz − 2iq qz Iz,q cos(γ)
qI
−
xy,ϕ
q + qz2
2

2

)
. (7.38)

Integrating over qz and condensing the terms:

Ms =
+
+
+
−

(
 2


Z
A
3
2
4
2
4πρ
d λS
dq Ixy,ϕ 1 − p
µ
4




p
3
q Ixy,ϕ Iz,qz − Ixy,ϕ Ixy,q 1 − p (1 + cos(2γ))
2
4
(






3
1 9p
1
3
2
2
2
q Iz,qz 1 − p + Ixy,q
−
+ cos(2γ) 1 − p
4
2 32
2
4

 

p
1
3
2
Iz,q
1−
+ (1 − p) cos(2γ)
2
3
2
))
3p 2
p
Ixy,q Iz,qz (1 + cos(2γ)) − Ixy,q cos(4γ)
.
4
32

The integrals are simply numerical values:
Z
dq
Z
dq
Z
dq

2
r2 J1 (qr)
π2
dr
= dq
=
;
(1 + r2 )2
128
Z

Z
Z
03
0
r2 J1 (qr)
0 r J0 (qr )
qIxy,ϕ Iz,qz = dq q
dr
dr 02
= 0.03855;
(1 + r2 )2
(r + 1)2
Z

Z
Z
03
0
r2 J1 (qr)
3π 2
0 r J2 (qr )
qIxy,ϕ Ixy,q = dq q
dr
dr
=
;
(1 + r2 )2
(r02 + 1)2
256

2
Ixy,ϕ

Z

Z

(7.39)
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=
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Z

r3 J0 (qr)
dr
(1 + r2 )2

2

r3 J2 (qr)
dr
(1 + r2 )2

2

= 0.06265;

45π 2
;
2048
Z
2
Z
r2 (1 − r2 )J1 (qr)
2
2 2
dr
= 0.1301;
q Iz,q = dq q
2(1 + r2 )2
Z

Z
Z
03
0
r3 J2 (qr)
2
2
0 r J0 (qr )
q Ixy,q Iz,qz = dq q
dr 2
= 0.01446,
dr 02
(r + 1)2
(r + 1)2
2
q 2 Ixy,q

Z

=

dq q

2

Z

=

(7.40)

which on substitution to the expression for the mass gives:

Ms

(
 2
 




A
p 3π 2
3
3
π2
2
4
= 4πρ
d λS
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1 − p (1 + cos(2γ))
µ
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45π 2
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2 32
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3
p 1
p
3p 45π 2
+ 0.1301
1−
+ (1 − p) cos(2γ) − 0.01446 (1 + cos(2γ)) −
cos(4γ)
.
2
3
2
4
32 2048
After simplifying, one obtains for the skyrmion mass [192]:

 2
A
Ms = ρS
d2 λ {4.118 + 0.727 cos(2γ) − p[1.612 + 0.795 cos(2γ) + 0.255 cos(4γ)]} .
µ
(7.42)
4

This gives 2.186 for Néel skyrmions (γ = 0 or π) and 2.316 for Bloch skyrmions (γ = π/2 or
−π/2) when p = 1.

7.2.4

Anisotropic Spin-Phonon Interaction

In practice, the spin-phonon interaction is always anisotropic, especially for the thin layer
case. If one considers the anisotropy along the z-axis, Eq. (7.1) becomes [192]:
Z
E=

"

1
dxdydz ρ
2



∂u
∂t

2



σ
+ µ u2ik +
u2ll
1 − 2σ



#
+ Auzz Sz2 .

(7.43)
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This has the extremal equation [192]:

∇2 u +

1
A ∂Sz2
∇(∇ · u) = −
ez .
1 − 2σ
µ ∂z

(7.44)

So, one only needs one component of the F -function defined in Eq. (7.12). This gives as the
anisotropic mass term [192]:

MSani

 2 Z
Z
A
∂S 2 (r0 ) ∂Sz2 (r00 )
3 0
=ρ
dr
d3 r00 Fzz (r0 − r00 ) z 0
.
µ
∂z
∂z 00

(7.45)

Integrating by parts on z 0 and z 00 , one obtains:

MSani

 2 Z
Z
A
∂Fzz (r0 − r00 ) 2 0 2 00
3 0
dr
Sz (r )Sz (r ).
d3 r00
=ρ
µ
∂z 0 ∂z 00

(7.46)

The derivatives of Fzz will simply pull down a factor of kz2 so one has for that term:
∂Fzz (r0 − r00 )
=
∂z 0 ∂z 00

Z



d3 k −ik(r0 −r00 ) kx2 kz2
kz2
e
1−p 2 .
(2π)3
k4
k

(7.47)

In the thin-film approximation, d  λ, when it is reasonable to write [192]:

Sz2 (r) = Sz2 (ρ)dδ(z),

(7.48)

the above formulas then reduce to [192]:

MSani



 2 Z
Z
Z
dkx dky dkz kx2 kz2
kz2 −ikx x0 −iky y0 ikx x00 +iky y00 2 0 2 00
A
2
2 0
2 00
d
dρ
d ρ 1−p 2 e
e
Sz (ρ )Sz (ρ ).
=ρ
µ
(2π)3
k4
k
(7.49)

Much like the isotropic case, the problem reduces to computing a function that depends on
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the skyrmion spin profile. This function can be defined as [192]:
2

Z
g(k⊥ ) ≡

dxdy

Sz2 (x, y) exp(ikx x

+ iky y)

Z
=

2

d2 ρ Sz2 (ρ) exp(ik⊥ · ρ) .

(7.50)

Performing the integration, not shown here, gives the final answer [192]:

MSani

= 0.787S

This result has the same dependence

4



 2
A
µ

3
1− p
4

  2
A
ρ d2 λ.
µ

(7.51)

ρ d2 λ as the isotropic case, only it is smaller by

an order of magnitude and does not depend on the skyrmion chirality.

7.2.5

Conclusion

From [192], we concluded that the skyrmion mass due to the spin-phonon interaction depends
on its lateral size rather than the area it occupies because only spin-field derivatives are seen
to enter the magnetoelastic term. Recall that the magnetoelasticity is a relativistic effect,
while µ, which is the shear modulus, is an electrostatic effect. This permits the estimation of
the ratio A/µ ∼ 10−4 . As considered in [192], if ρ ∼ 5×103 kg/m3 and d ∼ 2nm, the skyrmion
mass MS is roughly a few electron masses for a skyrmion of size λ ∼ 10nm. However, the
skyrmion mass can be much higher in materials with strong magnetostriction which have
larger A.
As already mentioned, the skyrmion mass depends upon its size. In the typical system,
as pointed out in [192], the equilibrium skyrmion size can be a complicated function of
the material parameters associated with things like the Dzyaloshinskii-Moriya interaction,
the anisotropy, and the dipole-dipole interaction, see also Section 3.1.1. In practice, these
interactions deform the skyrmion shape so that the rigid BP shape assumed throughout
the calculations is not correct. The deformation of the skyrmion shape is quantified as the
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deviation of the exchange energy J2 (∂i S · ∂i S) from the pure exchange, scale-invariant energy
4πJ. However, the deformation is small if the exchange interaction is much stronger than the
other interactions, which is a reasonable assumption; the exchange is a Coulomb interaction
whereas other interactions have a relativistic origin.
Furthermore, the deformation of the skyrmion shape due to the magnetoelastic interaction
is negligible for the typical skyrmion. If the exchange energy is added to the energy from Eq.
(7.1), then the corrections to the skyrmion shape are negligible provided that the skyrmion
√
size is small compared to ( Jµ/A)a for the lattice spacing a; look for instance at Eqs. (7.3)
or (7.44). This is generally true for nanoscale skyrmions. Finally, the addition of temperature
will only affect the value of the elastic and magnetoelastic constants and not how they enter
into the expression for the skyrmion mass.

Chapter 8
Skyrmions in an Oblique Field
The energy landscape of a skyrmion in a confined system can be very complex. This is
particularly true in real systems that contain the Dyzaloshinskii-Moriya interaction (DMI),
the perpendicular magnetic anisotropy (PMA) and the dipole-dipole interaction (DDI).
Recent research discussed below has shown that the DMI is responsible for confining skyrmions
in finite systems and leads to a repulsive interaction of the skyrmion with the boundary. We
found in [219], discussed in this chapter, that for a lattice model this repulsive interaction is
modified when the stabilizing field is tilted away from the axis perpendicular to the surface
of the film hosting the skyrmion. When there is an oblique field, global energy minima can
occur at a finite distance from some or all of the boundaries in a real system. The locations
of the minima will depend on the in-plane field direction. The skyrmion can settle into these
minima and be transferred between them via the application of a magnetic gradient. These
properties can be used to construct a device where the skyrmion is used as a logical bit. The
device would consist of a few atomic layers with a skyrmion that is transferred in between
the global energy minima. Since two or four global minima can occur depending on how the
field is applied, the skyrmion can act as either a binary or quaternary logical bit.
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Skyrmion Behavior in the Confined System or in
an Oblique Field

A number of works have studied how boundaries affect skyrmions. As already mentioned in
Section 2.4, Rohart and Thiaville [83] have shown that skyrmions can be confined in a finite
film due to the DMI. Garcia-Sanchez et al. [202] extended this work to obtain boundary
conditions for the twisted spins arising from the DMI for the Landau-Lifshitz equation.
Furthermore, the boundary can affect the skyrmion in other ways, leading to discretized
bumps in the topological Hall resistivity, shown by Kanazawa et al. [200], or the breathing
modes, as shown by Kim and Garcia-Sanchez [201]. In related studies, Leonov et al. [199]
showed that skyrmion states in liquid crystals depended upon the confinement ratio of the
helix pitch to the system size.
From a dynamical perspective, Iwasaki et al. [82] studied the skyrmion motion in a
constricted geometry using the rigid body Thiele formalism (see Section 6.2.4). Zhang et
al. [87] showed the skyrmion repulsion from the boundary in a skyrmion racetrack. Yoo et
al. [203] showed through micromagnetic simulations that the threshold current to expel the
skyrmion from a magnetic nanostripe depended on the force exerted by the boundary on
the skyrmion. This force in turn depended on the Gilbert damping and the non-adiabatic
spin torque parameter. Martinez et al. [204] derived an exponential edge potential for the
skyrmion interaction with the boundary by analyzing the free energy. Cortés-Ortuño et al.
[205] showed that the skyrmion in a finite nanotrack will be repelled by the boundary until it
collapses at a critical separation away from the boundary by analyzing the minimum energy
skyrmion paths. Keesman et al. [206] included temperature via Monte Carlo simulations to
show that confined geometries favor skyrmions over the spiral phase. Extending this, Uzdin
et al. [207] studied the thermal stability of skyrmions on a racetrack and found that the
activation energy for the skyrmion annihilation at the boundary decreased with the track
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width, most notably when the track width was of the same order as the skyrmion size.
There is also a lot of research on skyrmions in tilted magnetic fields. Lin and Saxena
[208] analytically studied the skyrmion in the presence of an oblique field in a system with
the Bloch DMI. They found that the oblique field deforms the skyrmion from the circular
shape of the axisymmetric Bloch skyrmion, leading to the elongation of the skyrmion along
the axis perpendicular to the in-plane component of the field. Furthermore, Lin and Saxena
found that skyrmions in an oblique field will tend to form a rectangular lattice rather than
the triangular lattice array found in most systems. Leonov and Kézsmárki [209] studied the
stability of Néel skyrmions in an oblique field in a system with anisotropy and the Néel DMI.
They found that the presence of the anisotropy can enhance the skyrmion stability when the
field is directed away from the easy-axis. Furthermore, Leonov and Kézsmárki found that
the Néel skyrmion core will shift in the direction of the in-plane component of the field, in
contrast to the Bloch skyrmion.
Bordács et al. [210] analytically studied the thermodynamic stability of the skyrmion
lattice for a magnet with the easy-plane anisotropy and determined that adjusting the
material parameters was sufficient to promote the skyrmion lattice stability.

This led

Bordács et al. to the theoretical prediction that the skyrmion lattice was stable in GaV4 Se8
with a tilting angle of the magnetic field as high as 54.7◦ . Wan et al. [211] found that
the skyrmion lattice stability in thin-film helimagnets with exchange anisotropy could be
controlled by adjusting the strength and orientation of the oblique field. Hu [212] showed
that tilted magnetic fields affected the collective excitations of the skyrmion lattice (the socalled emergent phonons) due to the skyrmion lattice deformation as a result of the oblique
field. Kuchkin and Kiselev [213] studied the stability of chiral skyrmions in a tilted field for
easy axis and easy plane magnets and found that a Q = 1 skyrmion could be continuously
transformed into an axisymmetric skyrmion of Q = −1 with the opposite chirality γ 0 = γ ± π
(see Section 3.1).
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It has been shown experimentally that the skyrmion lattice is stable in the presence of
a tilted field. Zhang et al. [214] observed a multi-domain skyrmion state when a tilted
field was applied to Cu2 OSeO3 . This was studied in more detail in [215] where Zhang et
al. systematically observed twisted skyrmion states in the same material. Wang et al. [216]
have shown that there is enhanced stability of the skyrmion lattice in the chiral material
FeGe at a temperature below the Curie temperature in an oblique field. Gross et al. [217]
observed a stable Néel-type skyrmion lattice in the materials GaV4 S8 and GaV4 Se8 up to a
critical angle of the oblique field, confirming the predictions of Bordács et al. Yu et al. [218]
have shown that topological textures, including skyrmion-strings, can be stable in a room
temperature helimagnet by adjusting the strength of the oblique field.
In [219], discussed in the rest of this chapter, we studied the energy landscape of a
skyrmion in a film of finite thickness in an oblique field for a lattice model as a function of
the skyrmion’s position on the lattice. We found that there are two or four global energy
minima that depend on whether the in-plane field has one or two in-plane components,
respectively. The minima emerge due to the skyrmion interaction with the boundary, which
is always repulsive, and the oblique field, which modifies this repulsion. The skyrmion can
be manipulated between the energy minima by the application of a magnetic gradient. This
opens new avenues for skyrmion use in binary or quaternary logical devices. For instance,
the skyrmion can be considered as a binary or quaternary bit whose value will depend on
whichever minimum the skyrmion settled into.

8.1.1

Analytical Predictions

In the continuous limit, the pure exchange Belavin-Polyakov (BP) skyrmion spin profile has
a Zeeman energy quadratic in the skyrmion size for a field directed opposite the skyrmion
core, and a DMI energy linear in the skyrmion size, see Section 3.1.1. If an in-plane field Hx

CHAPTER 8. SKYRMIONS IN AN OBLIQUE FIELD

155

is applied along the x -axis, the contribution to the energy is:

EZeeman,in−plane

2λHx
=− 2
a

Z

d2 ρ

x cos γ − y sin γ
= 0.
x2 + y 2 + λ 2

(8.1)

The integrand is the x -component of the BP skyrmion of size λ and chirality γ for the lattice
spacing a. One can see that the in-plane field does not contribute to the BP skyrmion energy
in the continuous limit. Furthermore, the DMI energy produces a repulsion between the
skyrmion and the boundary for the finite lattice model. There is also a non-zero contribution
to the Zeeman energy due to an in-plane field in the lattice model. Consequently, the problem
must be studied numerically.

8.2
8.2.1

Numerical Results
Numerical Method

The numerical method to explore the skyrmion energy landscape in a tilted field from
[219] is discussed in this subsection. We considered a lattice model for a two-dimensional
ferromagnetic film with the energy:
X
X

1X
Jij si · sj −
H · si − A
(si × si+δx )y − (si × si+δy )x
2 ij
i
i
X
X
D
ED
s2iz −
Φij,αβ siα sjβ .
−
2 i
2 ij

H = −

(8.2)

The normalized spins satisfy s2 = 1 so that the dimensionality of the spins is absorbed
into all energy constants, as in Section 3.2.2. The exchange coupling J is for the nearest
neighbor interaction on a square lattice. We considered a magnetic field H characterized by
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the spherical angles θ and φ, defined so that [219]:

H = H (cos φ sin θ, sin φ sin θ, − cos θ) .

(8.3)

Here, φ is the usual polar angle in the plane. A stabilizing field must be applied in the
negative z -direction to prevent the expansion of the skyrmion, which we take with central
spin sz,center = 1 pointing upwards in the positive z -direction. As a result, we define the
angle θ with respect to the negative z -axis, so that θ = 0◦ corresponds to H = −Hêz .
Therefore, θ 6= 0◦ results in an oblique field with an in-plane component, with φ = 0◦
and φ = 90◦ corresponding to the in-plane components being directed along the x or y
directions, respectively. The next term with A > 0 is the Dzyaloshinskii-Moriya interaction
(DMI) favoring outward, chirality γ = 0 Néel skyrmions. D is the easy-axis perpendicular
magnetic anisotropy (PMA) constant pointing out of the plane. ED denotes the strength
of the dipole-dipole interaction (DDI), and Φij,αβ = a3

2
3rij,α rij,β −δαβ rij
.
5
rij

is the usual dipole

potential. The dimensionless parameter β = D/(4πED ) characterizes the strength of the
PMA to the DDI. We use an effective two-dimensional DDI model, first introduced in [137]
and described in Section 3.2.2 that assumes that the spin field does not depend upon z. The
above Hamiltonian gives the energy per layer for the system of Nz layers.
The numerical approach in this work [219] involved the same routine of the minimization
of the energy by the alignment of the spins with the effective field used throughout our
other works that was first introduced in [130] and described in Section 3.2.2. We used the
parameters of the PdFe/Ir(111) bilayer system, extracted from [174], that yield A/J = 0.268,
D/J = 0.0236 and β = 4.29 for the skyrmion stabilized by the field of strength H/J = 0.05.
We studied the system of 300 × 300 and 100 × 100 spins for the system with Nz = 1 and
Nz = 10 layers. We set a = J = 1 in the numerical computations.
We also wished to determine the energy landscape of the skyrmion as a function of its
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position on the lattice for the Hamiltonian given by Eq. (8.2). To do this systematically
in [219], we used the fixed central spin (FCS) method introduced in [141] and described
in Section 6.3. Numerically, this involved including a strong fictitious pinning field applied
along the z -axis at the lattice site corresponding to the center of the skyrmion where the
spin points up, sz = 1. Therefore, slowly changing the location of the pinning field on the
lattice by shifting it one lattice spacing per computation will move the skyrmion location.

8.2.2

Results

The numerical results for the skyrmion energy landscape in a tilted field from [219] are
discussed in this subsection. As the first step, we confirmed the repulsion of the skyrmion
with the boundary for a field fully out of the plane, i.e. θ = 0◦ for a single atomic layer
Nz = 1. The Néel skyrmion with the given parameters relaxed to the minimum energy at
the near center of the 300 × 300 lattice at nx /a = 150, and ny /a = 150. Then, we computed
the skyrmion interaction with each of the four boundaries by computing the energy along
four different paths. The skyrmion position was changed by moving the pinning field either
one lattice spacing to the right (left) along the x -direction at fixed ny /a = 150, or one lattice
spacing to the top (bottom) along the y-direction at fixed nx /a = 150 to determine the
interaction with the right (left) and top (bottom) boundaries, respectively. The new energy
minimum was computed for each step as a function of the fixed central spin’s position d/a
from each of the four boundaries. We determined that the skyrmion energy increased as it
approached the boundaries when there is no oblique field, indicating repulsion for all d.
We noted in [219] that the repulsive behavior was modified for non-zero θ. Still for a single
atomic layer, we found that following the above procedure for the field angle in the plane
φ = 0◦ , i.e. Hx 6= 0, Hy = 0, a local minimum will appear in the energy along the paths when
the skyrmion approaches the top and bottom boundaries at a finite d. On the contrary, along
the paths approaching the right and left boundaries, there is still pure repulsive behavior for

CHAPTER 8. SKYRMIONS IN AN OBLIQUE FIELD

158

all d. Note that the same qualitative behavior of the energy is observed when there is the
Bloch DMI, only the boundaries where there are pure repulsion are interchanged with the
boundaries where a minimum appears in the energy. For the given parameters of the paper
[219], the energy minimum as a function of d will emerge when Hx > |Hz |/2.
To examine this behavior in more detail, we next studied in [219] the effect of varying
one component of the field while keeping the other constant. In an experiment, this would
correspond to altering both H and θ. When Hx is increased for fixed Hz , we observed
that the energy minima along the paths as the skyrmion approached the top and bottom
boundaries became deeper. Additionally, the minima occurred closer to the boundaries, i.e.
at smaller d. Furthermore, at sufficiently strong Hx , there will be a local maximum in the
energy as well. On the contrary, when the magnitude of |Hz | is increased for fixed Hx , the
local minima in the energy became shallower along the paths as the skyrmion approached
the top and bottom boundaries. This is stronger than the effect of increasing the in-plane
field strength. This can be shown explicitly by varying the total magnitude of the field H
at fixed θ, which would correspond to increasing both field components simultaneously. One
sees for this case that the energy minimum is shallower with increasing H along the paths
for the skyrmion approaching the top and bottom boundaries, mirroring the behavior of the
energy for increasing |Hz | at fixed Hx .
To this point, the behavior of the energy as a function of position was confined to four
paths where the skyrmion was kept at fixed nx /a or fixed ny /a in the center of the lattice so
that in principle the modification to the energy was largely attributable to a single boundary.
However, one can use the fixed central spin method to compute the energy landscape of the
skyrmion on the entire lattice as a function of its position, as we did for a section of the
100 × 100 lattice for θ = 45◦ in [219]. We confirmed that there are global minima in the
energy near the top and bottom boundaries near the center with respect to the y-axis (i.e.
near ny /a = 50). Beyond these minima, the energy increases rapidly. The energy also
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increases near the right and left boundaries.
The energy landscape is altered if there is a non-zero Hy , which we saw in [219]. In
particular, for the case φ = 45◦ , i.e. Hx = Hy , still for a single atomic layer, there will
be four energy minima rather than two. Furthermore, the behavior of the energy with
decreasing d for the skyrmion paths approaching the boundaries along fixed nx /a or fixed
ny /a, is identical along the paths approaching the right and top boundaries and the paths
approaching the left and bottom boundaries, respectively. This means that there are two
sets of unequal energy minima near each of the four main boundaries.
However, we saw in [219] that the global minima for this case are located nears the corners
of the lattice. One can compute the behavior of the energy of the skyrmion along the paths
approaching the corners by moving the skyrmion along the lattice diagonals, which means
the pinning field is moved both one space horizontally and vertically per step. It appears
that the skyrmion has the deepest energy minimum in the path approaching the bottom left
corner, the energy minima are the same on the paths approaching the top left and bottom
right corners, and the energy minimum along the path approaching the top right corner is
the shallowest.
One can verify this by computing the energy landscape, as we did when only Hx 6= 0.
This was done for a section of the 100 × 100 lattice using the fixed central spin method
to compute the skyrmion energy as a function of position for θ = 45◦ as we did in [219].
As anticipated, the energy landscape for Hx = Hy 6= 0 is more complicated than the case
where Hx 6= 0. There are four global minima located near the corners of the lattice, along
the lattice diagonals. The bottom left corner has the deepest energy minimum. The energy
minima at the bottom right and top left corners are identical; in fact, if one plots the energy
landscape, see Fig. 8.1, one can obtain the behavior of the energy for one of those two
corners by reflecting along the line ny = nx . The top right corner has the shallowest energy
minimum. Beyond the minima, the energy increases rapidly as the skyrmion gets closer to
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the boundaries.

Figure 8.1: Energy landscape of a 40 × 40 section of the 100 × 100 lattice when Hx = Hy for
θ = 45◦ . The skyrmion energy E is taken with respect to the energy of the uniform state
when there is no skyrmion. The energy minima occur near the corners and then the energy
increases sharply beyond them. A contour plot of this energy appeared in [219].
The energy to this point was computed for a single atomic layer. Increasing the number
of layers will amplify the DDI contribution to the energy and affect the skyrmion energy
as a function of its position. We also performed computations in [219] for the specific case
Nz = 10 layers for the same parameters and the same angle θ = 45◦ of the applied field.
When there is only one component of the in-plane field, Hx 6= 0, the qualitative behavior of
the energy is unchanged. However, the long-range behavior of the DDI produces shallower
energy minima per layer.
The effect of increasing the number of layers is more pronounced when Hx = Hy , as we
saw in [219]. For the single layer, there are four energy minima as the skyrmion approaches
along the paths towards each of the corners along the diagonals, as discussed. However,
when there are more layers, the shallowest minimum near the top right corner vanishes and
there is pure repulsion. The remaining minima are shallower than the single layer case and
occur at an energy that is greater than the skyrmion energy at the center of the lattice.
Therefore, when the shallowest energy minimum is small to begin with (for the single layer
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case explored in [219], it was about 0.01J for H/J = 0.05, θ = 45◦ , φ = 45◦ ), one can increase
the depth of the energy minimum with respect to the energy of the skyrmion located at the
center of the system by increasing the strength of the in-plane fields, see Fig. 8.2.

Figure 8.2: Energy of the skyrmion as it approaches the boundary as a function of its distance
d from the boundary along the paths for fixed ny /a = 150 (right/left) or fixed nx /a = 150
(top/bottom). The interaction energy is plotted, which is found by subtracting the energy
of the skyrmion located at the center of the lattice. A similar plot for different H appeared
in [219].
The advantage of using more layers, as we proposed in [219] is that the total energy scales
with the number of layers Nz . Therefore, a sufficiently thick film will have energy minima
that have room temperature depth, which is advantageous for potential room temperature
applications. There is a range of H and θ for Nz = 10 when the depth of the energy minimum
with repsect to the skyrmion located at the center of the lattice is above room temperature,
which for this material with parameters extracted from [174] is of the order of 2J. The depth
of the minimum can be increased even more significantly by simply adding more layers.

8.2.3

Skyrmion Dynamics

The numerical results for the skyrmion dynamics in a tilted field from [219] are discussed
in this subsection. To investigate the dynamics, we solved the discretized Landau-Lifshitz
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equation for the spins on a lattice, where the behavior of the ith spin was given by:

ṡi =

α
1
si × Heff,i − si × (si × Heff,i ) .
~
~

(8.4)

The effective field is the variational derivative of the Hamiltonian from Eq. (8.2), Heff,i =
−δH/δsi . This was solved for the system of 100 × 100 spins using the parameters already
discussed. The computations used free boundary conditions for the damping α = 0.1 and
were solved by the fourth-order Runge-Kutta method in integration steps of 0.2~/J.
We began in [219] by studying the dynamics of the system where there are two global
energy minima, which occurs when Hx 6= 0. The skyrmion position was tracked by identifying
the skyrmion center where the z -component of the spins on the lattice is a maximum, sz = 1.
We found that the skyrmion will spiral around the two energy minima with a trajectory that
is unaffected by whether there are Nz = 1 or Nz = 10 layers.
As anticipated, the skyrmion trajectory is more complicated when there are four global
energy minima, which occurs when Hx = Hy for a single atomic layer that we studied in
[219]. In this case, the skyrmion will spiral about these minima located near the corners
of the lattice along the diagonals. When the number of layers is increased to Nz = 10 and
the smallest energy minimum vanishes, the skyrmion will spiral around the three remaining
energy minima.

8.2.4

Manipulation by Magnetic Gradient

We have demonstrated that minima emerge in the energy landscape of the skyrmion when
the magnetic field is tilted away from the normal, and dynamically the skyrmion will spiral
about these minima. Furthermore, the depth of the energy minima can be room temperature
for a larger number of atomic layers, Nz ≥ 10. For potential applications, it is useful to see
if the skyrmion can be manipulated between these minima by the application of a magnetic
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gradient.
We studied this in [219] by numerically solving the Landau-Lifshitz equation Eq. (8.4)
P
with the additional Zeeman term − i Hg · si added to the Hamiltonian Eq. (8.2) due to
the gradient field. The skyrmion position is tracked by computing the position when sz is
a maximum, like in the previous subsection. We found that the gradient directed along the
z -axis [219]:


ny
−1 ,
Hg (nx , ny ) = g 2
Ny

(8.5)

will cause the skyrmion to switch between the bottom energy minimum and the top energy
minimum when Hx 6= 0. This can be achieved for a gradient strength as small as g/J = 0.002,
where Ny is the lattice width.

8.2.5

Conclusion

We have studied in [219], the energy landscape of a skyrmion on a square lattice using real
material parameters for the system with all relevant interactions. The repulsive interaction
of the skyrmion with the boundary mediated by the DMI is modified in the presence of a
tilted magnetic field. When the stabilizing field is tilted from the normal of the film, two or
four global energy minima emerge that depend upon whether there are one or two in-plane
field components, respectively. The depth of these minima can be adjusted by changing the
field strength or increasing the number of atomic layers. The skyrmion will spiral about
these minima and can be manipulated between the minima by the application of a magnetic
gradient. From this, we extrapolated in [219] that one could construct a device of the order
of 100 × 100 nm with a thickness of a few nanometers. The skyrmion energy landscape is
altered by the strength and orientation of the applied magnetic field. The skyrmion can be
manipulated between global energy minima by application of a magnetic gradient, and thus
function as a binary or quaternary computer memory device.
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[57] P. Dalmas de Réotier, A. Maisuradze, A. Yaouanc, B. Roessli, A. Amato, D. Andreica
and G. Lapertot, Unconventional magnetic order in the conical state of MnSi, Phys.
Rev. B 95, 180403(R) (2017).
[58] W. Münzer et al., Skyrmion lattice in the doped semiconductor Fe1−x Cox Si, Phys. Rev.
B 81, 041203(R). (2010).

BIBLIOGRAPHY

168

[59] X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han, Y. Matsui, N. Nagaosa and
Y. Tokura, Real-space observation of a two-dimensional skyrmion crystal, Nature 465,
901-904 (2010).
[60] S. X. Huang and C. L. Chien, Extended skyrmion phase in FeGe(111) thin films, Phys.
Rev. Lett. 108, 267201 (2012).
[61] A. B. Butenko, A. A. Leonov, U. K. Rößler, and A. N. Bogdanov, Stabilization of
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